FORCING AND GAPS IN 2¢

1. INTRODUCTION

The material in these notes draws mainly on Teruyuki Yorioka’s thesis [Yor04]
and Marion Scheepers’ survey paper [Sch93].

For a,b € 2%, we say that a is eventually dominated by b, denoted by a <* b, if
a(n) < b(n) for all but finitely many n. Let A = (an | o < k) and B = (bg | B < A),
where k and \ are infinite regular cardinals, be a pair of sequences in 2*. The pair
(A, B) is called a (k, A)-pregap if aq, <* aq, <* bg, <* bg, for all oy < ay < k and
81 < B < A. That is, we have:

ag <Fap <F o <Fag <F - <Mbg <P <P by <P by

We say that a set ¢ € 2¥ separates the pregap (A, B) if aq, <* ¢ <* bg for all & < k
and 8 < A. That is, we have:

@ <Fap < <P ag <F <t et Kby < <P by <Pl

If there is no such set ¢, then we say that the pregap (A, B) is a (k, A)-gap.

Much of the literature on gaps also studies gaps in w* under the eventual domi-
nation ordering and there similar results are obtained as the ones we discuss in this
talk. In what follows we tacitly associate elements of 2* with subsets of w.

Theorem 1.1 (Hadamard, 1894). There are no (w,w)-gaps.

Proof. Consider a pregap (A, B), where A = (a, | n < w) and B = (b, | m < w).
Let b, denote the complement of b,, and define ¢, = a, \ (Umgn bm). The set

¢ = U, <, Cn separates (A, B). O
Theorem 1.2 (Hausdorff, 1909). There is an (w1, w1)-gap.

For a proof see [Jec03] (Section 29).
In these notes, we focus on the interaction between (wq, w1 )-gaps and forcing. In
particular, we are interested in the following questions:

Question 1.3. Can we force to add an (wy,w1)-gap?

Let us call an (wq,ws)-gap destructible, if there is an w;-preserving forcing which
adds a set separating it. Note that every (w1,wi)-gap is trivially destructible, if
we remove the requirement that the forcing is wi-preserving, by collapsing w; to
w. We call an (wy,w)-gap indestructible if it is not destructible. Kunen showed
(1976) that Hausdorft’s gap is indestructible.

Question 1.4. Are there destructible (wy,ws)-gaps?
Question 1.5. Can we force to make an (wj,w)-gap indestructible?

There is an “equivalent” way of defining (w1,w;)-gaps in 2¢ that makes the
presentation of the concepts involved easier. Given a pair of sequences (A, B) in
2%, where A = (aq | @ < wi) and B = (bg | B < w1), consider the corresponding
pair (A, B), where B = (bg | B < w1), where bg denotes the complement of bg.
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Now observe that (A, B) is a pregap if and only if aq, <* Gy, ba, <* ba, for all
a1 < as < wp and a, N Bg is finite for all a, 8 < wi. Observe also that a set ¢
separates (A, B) if and only if a, <* ¢ and b, N c is finite for all o < w;. Next,
we consider the sequence A* = (a¥ | @ < wy), where a}, differs on finitely many
coordinates from a,, in such a way that a’ Nb, = 0. Again, we have that (A, B) is
a pregap if and only if a},, <* af,, Eal <* Eaz for all a1 < g < wy and a, ﬁgg is
finite for all o, 8 < wy. Also, again, a set ¢ separates (A, B) if and only if a, <* ¢
and b, N ¢ is finite for all & < w;. This analysis shows that we can redefine an
(w1,w1)-pregap in 2 as a pair of sequences (A, B), where A = (a, | @ < w;y) and
B = (bg| B < wr), such that:

(1) aay <* aq, and by, <* by, for all a3 < g < wy,
(2) aq Nbg is finite for all o, f < w1,
(3) aq Nby =0 for all & < wy.

We further redefine that a set ¢ separates the pregap (A, B) if a, <* ¢ and b, N¢
is finite for all a < w;. We shall use the redefined terminology for the remainder of
the notes.

We now introduce a Ramsey-theoretic characterization of when an (wy,ws)-
pregap (A, B) is a gap.

Lemma 1.6 (Folklore). An (w1,w1)-pregap (A, B) is a gap if and only if for every
uncountable X C wr, there are o, B € X such that (a, Nbg) U (ag Nby) # 0.

Proof. Suppose that (A, B), where A = (aq | @ < wy) and B = (bg | 8 < wy), is
not a gap and fix a separating set ¢ such that a, <* ¢ and b, N ¢ is finite for all
a < wi. We argue that there is an uncountable X C w; and associated n € w and
s,t € 2™ such that for all @ € X:

(1) aaNn =sand b, Nn =t,
(2) aa \n Ccand by,NecCn.

To see why, note that
wi= U Xy

new,s,te2n

where
Xnyst)y ={a<wi|agNn=s5b,Nn=ta,\nCcbyNcCn}.

Fix a, 8 € X. It is clear that a, \nNbg\n = 0. By our redefinition of a pregap, we
have that a, Nb, = 0, from which it follows that sN¢ = (. Hence a, NbgNn = 0 as
well. Thus, we have found an uncountable X C wy such that (a,Nbg)U(agNby) = 0
for all o, 8 € X.

Conversely suppose that there is an uncountable X C w; such that for all a, 8 €
X, we have (aq Nbg) U (ag Nby) = 0. Since X is cofinal in wy, it is clear that
¢ = Unex @a separates (A, B), and so it is not a gap. O

For a pregap (A, B), suppose that f(4 ) : [w1]? — 2is defined by f(a,5) (e, 8) =0
if (aq Nbg) U (ag Nby) = 0 and otherwise f(45)(a, ) = 1. Lemma 1.6 states that
(A, B) is a gap if and only if f( 4 5) cannot have an uncountable homogeneous set
with value 0. If (A, B) is a gap, can f(4 ) have an uncountable homogeneous set
with value 17 The answer depends on whether the gap is destructible.
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Lemma 1.7 (Kunen, 19767). An (wi,w1)-gap (A, B) is destructible if and only if
for every uncountable X C wy, there are a # 3 € X such that (aaNbg)U(agNby) =
0.

Thus, (A, B) is a destructible gap if and only if f(4 ) does not have an uncount-
able homogeneous set. We shall prove Lemma 1.7 in Section 3.

2. CREATING DESTRUCTIBLE GAPS BY FORCING

In this section, we shall show that there is a destructible (w;,w)-gap in the
Cohen forcing extension, by constructing it from an (wy,w)-gap of the ground model
together with the Cohen real.

Theorem 2.1 (Todoréevié, 1984). There is a destructible (w1, w1)-gap in the Cohen
forcing extension.

Proof. Fix an (w1, w1)-gap in the ground model, which exists by Hausdorff’s result.
Let C be the Cohen poset and C' C C be V-generic. Also, let ¢ be the Cohen real
constructed from C. In V[C], we let ANc=(anNc|a<wy)and BNe= (bgNc|
B < wi). We shall argue that (ANe¢,BNc) is a destructible gap by verifying the
Ramsey-theoretic characterizations using density arguments. We shall show that
every uncountable X C wy in V[¢] has ordinals «, 3 such that (a,Nbg)U(agNby) #
(gap) and also has ordinals y # ¢ such that (a, Nbs) U (asNb,) = 0 (destructible).

Fix an uncountable X C wy in V[C]. First, we claim that there is an uncountable
Y C wy in V such that Y € X. Fix a C-name X such that (X)c = X and a
condition p € C such that p I+ “X C w; is uncountable”. To verify the claim,
we shall argue that it is dense below p to have a condition ¢ and an uncountable
Y C X such that ¢ IF Y C X. Fix ¢’ < p. Since ¢ forces that X is an uncountable
subset of wy, there must be a condition gy < ¢ and an ordinal ag such that gg IF
@ € X. Inductively, suppose that we have constructed a sequence of conditions
(ge | € < 6) below ¢’ for some 6 < w; and a corresponding increasing sequence of
ordinals ap < cp < -+ < ag--- such that g¢ IF d&¢ € X. Since ¢ forces that X is
an uncountable subset of wy, there must be a condition g5 and an ordinal as > ag
for all & < § such that ¢s IF a5 € X. In this manner, we construct a sequence
of conditions (g¢ | £ < wi) below ¢’ and a corresponding increasing sequence of
ordinals op < a1 < -+ < ag < --- such that g¢ IF &g € X. Since C is countable
there must a condition ¢ € C such that g¢ = ¢ for uncountably many §. Let
Y ={a <w | qlF&ec X} and observe that clearly ¢ - Y C X.

Now we fix an uncountable Y C X and a condition ¢ € C such that ¢ I+ Yy C X.
We claim that below any condition ¢’ < ¢, there is a condition r and ordinals
a, 8 € Y such that

(aa NbgNT)U(aqNbgNr) # 0,
as well as a condition r’ and ordinals v # ¢ in Y such that
(ay Nbs N1') U (a5 NbyN1') = 0.

It follows immediately from the claim that (ANec, BNe¢) is a destructible gap in V[C].
To verify the claim, we fix a condition ¢’ < ¢ and let n = dom(q). Consider the pair
of sequences (A*, B*), where A* = (aq \n | @ < wi) and B* = (bg\ n | f < wy),
and note that it remains a gap in V. It follows that there exist «, 5 € Y such that

S =(ag \nNbg\n)U(ag\nNby\n)# 0.
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Thus, we may choose m € S and extend ¢’ to a condition r with r(m) = 1. Next, we
observe that there is an an uncountable Z C Y and associated sequences s,t € 2"
such that for all o, B € Z, ao N = s and bg Nn = t. It follows that a, NbgNn =0
for all a, 8 € Z, as an Nb, = B for any « by assumption. Choose any two ordinals
vy#din Z. Since T = (ay \ nNbs \ n) U (a5 \ nN b, \ n) is finite, we may extend
¢’ to a condition 7’ with r'(m) =0 for all m € T O

Corollary 2.2. It is relatively consistent that there are destructible (wq,w1)-gaps.

3. FORCING TO SEPARATE A GAP

In this section, we study a forcing notion due to Laver (1979) that adds a set
separating a destructible gap. We use this forcing to prove Lemma 1.7 and argue
that under MA all (wy,ws)-gaps are destructible.

Fix an (wy,ws)-pregap (A, B), where A = (a, | @ < w1) and B = (bg | 5 < w1).
The forcing P(4 ) consists of conditions (L, R, s) such that

(1) L, R are finite subsets of wy,

(2) s € 2™ for some n < w,

(3) foralla € L, B € R, an Nbg Cn.
Let (L, R,s) and (L', R',s") be two conditions in P(4 5y with s € 2" and s’ € o',
Then (L', R',s") < (L, R, s) if

(1) LC L and RC R/,

(2) s’ end-extends s,

(3) foralla € L, € R, ap N’ \n C s and bg N (n' \ n)Ns =0.
The subsets L and R act as promises that s will grow into a separating set for (A, B).
Let us argue that if G C P4 ) is V-generic, then the union ¢ = U<L¢R$S>€Gs
separates (A, B) in V[G]. It suffices to show that for every a, < wi, the set
Dap = {({L,R,s) € Piyup) | a € L, € R} is dense in P4 5. Given a condition
(L, R, s), where s € 2", we choose n/ such that a, Nbg C n' for all § € R and
extend s to ' € 27 with s'(m) = 1 exactly when as(m) = 1 for some § € L and
m > n. The condition (L U {a}, R, s') is below (L, R, s) since as Nby, C n for all
0 € L,y € R. Similarly, we construct a condition (L U {a}, RU {3}, s”) below
(Lu{a},R,s).

Observe that two conditions (L, R, s) and (L', R, s) with the same sequence
s € 2™ are incompatible precisely when there is k > nand « € LUL' and 8 € RUR'
such that x € a, N bg.

Lemma 3.1. If a pregap (A, B) is not a gap, then P4 ) has the ccc.

Proof. Suppose that a pregap (A, B) is not a gap and fix a separating set ¢ such
that an, <* ¢ and bg N ¢ is finite for all @ < w;. For a sequence s € 2", we let
C(s) ={(L,R,s) € Plup) | Va € L, € Ras\ cCnandbgNcCn}. It follows
that for any two conditions (L, R, s) and (L', R’,s) in C(s), if « € L and 8 € R/,
then a,, Nbg C n. Thus, any two conditions in C(s) are compatible. Next, we argue
that D = (J,cp<w C(s) is dense in P4 5). Given a condition (L, R, s) € P4 5y with
s € 2", we choose n' such that a, \n' Ccand bg\n'Ne=0foralla € L, § € R,
and extend s to s’ € 27 with s'(m) = 1 exactly when aq(m) = 1 for some o € L
and m > n. Since for all @ € R, B € L, aq Nbg C n, it follows that for 3 € R,
bgN(n'\n)Ns" = 0. Thus, (L, R, ") is a condition in C(s’) below (L, R, s). Now we
suppose that P is an uncountable subset of P(4 ). For every p € P, fix a condition
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gp < p with g, in D. Since there are only countably many s € 2<“, there is an
s such that uncountably many of the g, are in C(s). Choose any two conditions
p and p’ in P with ¢, and g, in C(s), and observe that p and p’ are compatible.
Thus, P(4,5) cannot have uncountable antichains. [

Theorem 3.2 (Kunen, Woodin?). Suppose (A,B) is an (w1,w1)-gap, then the
following are equivalent:

(1) (A, B) is destructible,

(2) for every uncountable X C wy, there are o # B in X such that (a, Nbg) U
(agNby) = 0,

(3) Pra,p) has the ccc.

Proof.

(1) = (3): Suppose that (A, B) is a destructible (wy,ws)-gap. Then there is some
wi-preserving forcing P and a V-generic G C P such that (A, B) is no longer a gap
in the forcing extension V[G]. Note that the definition of (4 ) produces the same
poset whether applied in V' or in V[G]. It follows by Lemma 3.1 that P 4 5 has
the ccc in V[G]. But if P(4 ) had an uncountable antichain in V', it would remain
an uncountable antichain in V[G] since P is w;-preserving. Thus, P4,5) has the
cccin V.

(3) = (1): Suppose P(4 5y has the ccc, then it is an w;-preserving forcing that
destroys the gap (A, B).

(3) = (2): Suppose that P4 ) has the ccc. For an ordinal a < wi, let p, =
(L,R,s) where L = {a}, R = {a}, and s = ). Note that each p, is a condition
in P4 ) since by our assumption aq Nby = () for any a. Fix an uncountable
X C w; and consider the corresponding subset P = {p, € P(45) | @ € X}. Since
P(4,5) has the ccc, there must be two conditions compatible conditions p, and pg
in P. Let ¢ = (L, R, s), where s € 2", be a condition below both p, and pg. Note
that a, 8 € LN R, and so aq, Nbg € n and ag Nby, C n. Also, ao Nn C s and
bo NnNs =0 since ¢ < p, and agNn C s and by NnNs = 0 since ¢ < pg. It
follows that (aq Nbg) U (ag Nby) = 0.

=(3) = =(2): Suppose that P4 5) does not have the ccc and fix an uncountable
antichain {(Lq, Ra,5q) | @ < wi} in Py ). Let {{a | @ < w1} be an increasing
sequence of ordinals such that &, is larger than all ordinals in L, UR,. By thinning
out, we may make the following list of assumptions.

(1) There is s € 2™ such that all s, = s.

(2) There are k,m € w such that for all o < wy,

|Lo| =k and |Ry| = m.
(3) There is a fixed | > n such that for all & < wy,
Vo € Lo as \1 C ag, and V0 € R, bs \ 1 C b, .
(4) There are sequences s;,t; € 2! for i < k and j < m such that for all o < w,
{asnNl|d€ Loy ={si|i<m}and {bsNl|d€ R} ={t;|j <k}
Let X = {&, | @« < w1}. We shall argue that for all &,, # ., € X,
(ag,, Nbe,, ) U (ag,, Nbe, ) # 0.

Fix ay # a9 in wy. Since conditions (Lg,, Ra,,s) and (La,, Ra,,$) are incom-
patible, by our earlier observation, there must be n’ > n and a € L,, U L,, and
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B € Ray, UR,, with n’ € a,Nbg. Indeed, it must be that n’ > [ by assumption (4).
Now it follows using assumption (3) that n’ € (ag,, Nbe,, ) U (ag,, Nbe,, ). O

Corollary 3.3. Under MA, every (w1,w1)-gap is indestructible.

Proof. Suppose to the contrary that MA holds and (A, B) is a destructible (wq, wy)-
gap. It follows by Theorem 3.2 that P4 ) has the ccc. Notice that if a filter for
the poset P4 5) meets wi-many dense sets, namely Do 5 = {(L,R,s) € P4 |
a € L, € R} for a, f < wy, then it may be used to construct a separating set
for (A, B). Thus, we have obtained a contradiction, showing that (A, B) cannot be
destructible. d

4. FORCING TO MAKE A GAP INDESTRUCTIBLE

If (A,B) is an (w1, w1)-gap, then the forcing to make it indestructible adds an
uncountable subset X of w; such that for all o, 8 € X, (aq Nbg) U (ag Nby) =0
with conditions that are finite subsets of w;y.
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