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ABSTRACT. Jensen used ¢ to construct a forcing notion J of perfect trees
which has the ccc and adds a unique generic real. Given an inaccessible k,
we generalize Jensen’s construction, using <, +(Cof(k)), to obtain a forcing
notion J(k) of perfect x-trees that is <r-closed, has the kt-cc, and adds a
unique generic subset of k. As is the case with the poset J, we show that
products and iterations of J(x) have “unique generics” properties. We use a
non-linear iteration of J(k) along a tree to produce a model of Kelley-Morse
with the Choice Scheme in which the second-order dependent choice principle
DC,, fails.

1. INTRODUCTION

Second-order set theory has two types of objects: sets and classes. Unlike in
first-order set theory, where classes are relegated to the meta-theory, in second-
order set theory we are able to formally study properties of classes. Second-order
set theory is formalized in a two-sorted logic with separate sorts (variables and
quantifiers) for sets and classes. To distinguish between the two types of objects,
we will use lower case letters for sets and upper case letters for classes. Complexity
of formulas in second-order set theory is determined by the number of alternations
of class quantifiers. A second-order formula is X1 (or IT}) if it has the form an
alternation of n class quantifiers followed by a first-order formula. A model of
second-order set theory is a triple ¥ = (V, €,C), where V consists of the sets, C
consists of the classes, and € is the membership relation between sets and between
sets and classes. Each element of C is viewed as a sub-collection of V' consisting
of those elements which are €-related to it. An axiomatization for second-order
set theory consists of axioms for sets, classes, and the interactions between the
two sorts. A typical axiomatization consists of the basic axioms: ZFC axioms for
sets, extensionality for classes, the class replacement axiom asserting that every
class function restricted to a set is a set, the global well-order axiom asserting that
there is a class well-ordering of all sets, together with some class existence axioms.
The most common class existence axioms take the form of comprehension axioms,
asserting that collections defined by formulas of some complexity are classes. One
of the weakest second-order axiomatizations is the theory GBC, which consists
of the above mentioned basic axioms together with comprehension for first-order
formulas. The theory GBC is equiconsistent with ZFC because every model of ZFC
that has a definable global well-order (such as the constructible universe L), when
taken together with its definable collections, is a model of GBC. We get increasingly
stronger second-order theories by extending the amount of available comprehension
to formulas of higher complexity. This hierarchy of theories culminates in the theory
Kelley-Morse KM, which consists of the basic axioms together with comprehension
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for all second-order formulas. The theory KM has consistency strength greater than
ZFC, but less than ZFC with the existence of an inaccessible cardinal.

Although, in terms of comprehension, KM is the strongest possible second-order
theory, it can be made much more robust by adding choice axioms for classes.
Analogously to how sets have much more structure in models of ZFC than in
models of ZF, classes have much more structure in models of KM together with
class choice axioms than they do in models of just KM. The two most common
choice principles used in the second-order context are the choice scheme CC and
the dependent choice schemes DC, (for a regular cardinal a or a = Ord). The
choice scheme asserts for every second-order formula ¢(z, X, A), with parameter
A, that if for every set z, there is a class X such that ¢(z, X, A) holds, then there
is a single class Y collecting on its slices witnesses for every set x, namely, for every
set x, o(x,Yy, A) holds, where Y, = {y | (x,y) € Y} is the 2’s slice of Y. Given a
regular cardinal « or a = Ord, the dependent choice scheme DC,, asserts for every
second-order formula ¥ (X,Y, A), with parameter A, that if ¢ defines a relation
without terminal nodes (for every class X, there is a class Y such that ¢(X,Y, A)
holds), then we can make a-many dependent choices along v, namely, there is a
class F' such that for every £ < a, Y(F | &, F¢, A) holds, where Fy is the &-th slice
of F and F | £ is the restriction of the class F' to slices indexed by ordinals n < £
(F1&€={(ny) € F|n<E&}). The choice scheme is viewed as the analogue of AC
for classes and the DC,-scheme is viewed as the analogue of dependent choice DC,,.
The second author and Hamkins showed that the theory KM is not strong enough
to prove even the weakest instances of the choice scheme, those where we make
only w-many choices for a first-order formula. That is, it is consistent that there
is a model of KM and a first-order assertion ¢(z, X) such that in the model, for
every n € w, there is a class X such that ¢(n, X) holds, but there is no class Y such
that ¢(n,Y,) holds for every n € w [GH]. Given this situation, the next natural
question which arises is whether the theory Kelley-Morse together with the choice
scheme KM + CC proves DC,,, the weakest of the dependent choice principles. The
axiom of choice AC, of course, implies all the dependent choice axioms DC, over
ZF, but results from second-order arithmetic suggested that KM + CC may not be
able to prove at least some of the dependent choice principles DC,. The study of
the two fields has shown that there are many parallels as well as some differences
between these mathematical domains, with second-order arithmetic being the more
well-developed of the two because of its connections to analysis.

Second-order arithmetic has two types of objects: numbers and sets of numbers
(which we think of as the reals). A typical axiomatization of second-order arithmetic
consists of the basic axioms: the PA axioms for numbers and the set induction
axiom asserting that induction holds for every set, together with some set existence
axioms. The primary set existence axioms are again comprehension axioms and
choice principles for sets. The choice scheme CC, in this context, is the exact
analogue of the choice scheme in second-order set theory and the dependent choice
scheme DC is the exact analogue of DC,. The analogue of GBC is the second-
order arithmetic theory ACAg, which is equiconsistent with PA, and the analogue
of KM is the theory Zs, which has comprehension for all second-order formulas.
An argument, using Shoenfield absoluteness, shows that Zy implies CC for %i-
formulas (note the contrast with the KM situation, where KM does not prove CC
even for first-order formulas) and that Zs+ CC implies DC for ¥3-formulas [Sim09].
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Feferman and Levy constructed a model of ZF in which w; is a countable union
of countable sets as a symmetric submodel of a forcing extension by the finite-
support product II, ., Coll(w,R,,) of collapse forcings [Lév70]. The reals of this
classical choiceless model form a model of Zs in which CC optimally fails for a I13-
assertion. The authors of the present article, together with Kanovei, showed that it
is consistent that there is a model of Zy + CC in which DC fails for a H%—assertion.
The model was obtained as the reals of a symmetric submodel of a forcing extension
by a tree iteration of Jensen’s forcing [FGK19].

Jensen’s forcing J is a subposet of Sacks forcing that was constructed by Jensen
in L using the guessing principle {. The forcing J has two key properties: it has the
cce and it adds a unique (I13-singleton) generic real over L. Jensen used the forcing
J to show that it is consistent to have a I13-singleton non-constructible real (every
Y1-singleton is in L by Shoenfield’s absoluteness) [Jen70]. Since then his forcing has
found a number of other applications. While ¢ is crucial to the construction of a
poset with the two key properties of J, the constructible universe is not. A subposet
of Sacks forcing with the ccc that adds a unique generic real can be constructed in
any universe with <, with only the complexity of the generic real possibly being
lost (see Section 6 for details).

Lyubetsky and Kanovei extended the “unique generics” property of Jensen’s
forcing to a finite-support w-length product J<“ of J. They showed that in any
forcing extension L[G] by J<“, the only generic reals for J are those added by the
slices of G [KL17]. Abraham showed that, for n < w, a finite n-length iteration J,
of J adds a unique n-length generic sequence of reals [Abr84]. The authors of the
current article and Kanovei showed that certain tree iterations of J have a “unique
generics” property, and this property was instrumental in obtaining the model of
second-order arithmetic satisfying AC but not DC.

In this paper, we generalize Jensen’s construction from w to an inaccessible
cardinal k to define an analogue of Jensen’s forcing with perfect x-trees. We show
that if k is an inaccessible cardinal and the guessing principle <+ (Cof(x)) holds,
then there is a poset J(k), whose elements are perfect k-trees ordered by the subset
relation, with the three key properties: it is <r-closed, it has the x™-cc, and it
adds a unique generic subset of k. A number of obstacles needed to be overcome to
make Jensen’s construction work for perfect x-trees. Perfect trees have several nice
properties properties, like the existence of greatest lower bounds for compatible
conditions, which fail for perfect k-trees, and these properties played a significant
role in the construction of Jensen’s forcing. Another problem which did not arise
in the original construction was presented by the <k-closure requirement. The
poset J is built up as the union of a continuous chain of posets of length w; with
maximal antichains being sealed at stages given by ¢ along the way. In the case
of the poset J(k), we couldn’t simply take unions at the limit stages of building up
the analogous chain because then we would lose <k-closure, but closing the union
under <k-sequences could potentially unseal maximal antichains. We shall argue
that this doesn’t happen. We also define finite iterations and tree iterations of the
poset J(k) partially analogously to how finite iterations J,, and tree iterations of J
were defined in [FGK19].

We show that bounded-support k-length products of J(k), finite iterations of
J(k), and certain tree iterations of J(x) have “unique generics” properties analogous
to those of Jensen’s forcing.



4 SY-DAVID FRIEDMAN AND VICTORIA GITMAN

Theorem 1.1. Suppose that k is an inaccessible cardinal and { .+ (Cof(k)) holds.
There is a poset J(k) whose elements are perfect k-trees ordered by the subset rela-
tion with the following three properties:
(1) J(k) is <k-closed.
(2) J(x) has the kT -cc.
(3) In any forcing extension by J(k), there is a unique generic subset of k. If
the starting universe is L, then the unique generic subset is a II1-singleton.

Let J(k)<" denote the bounded-support k-length product of the poset J(x) and
let J(&)yn, for n < w, denote the n-length iteration of J(x) (defined in Section 11).

Theorem 1.2. Suppose that k is an inaccessible cardinal and &+ (Cof(k)) holds.
In a forcing extension V[G] by J(k)<F, the only generic subsets of k for J(k) are
those added by the slices of G.

Theorem 1.3. Suppose that k is an inaccessible cardinal, .+ (Cof(k)) holds, and
n € w. The iteration J(k), of the poset J(k) of length n adds a unique n-length
generic sequence of subsets of k.

Theorem 1.4. Suppose that k is an inaccessible cardinal and .+ (Cof(k)) holds.
In any forcing extension by the tree iteration of J(k) along the tree (kT)<%, for
every n € w, the only n-length generic sequences of subsets of k for the iteration
J(k)n are those arising from the n-length nodes of the generic tree.

For details on the definitions of the iterations J(k), and the tree iterations, see
Section 11.

We construct a symmetric submodel of a forcing extension by the tree iteration
of J(k) along the tree (k7)<* such that in this model ¥ = (V,;, €, V,;41) is a model
of KM + CC in which the scheme DC,, fails.

Theorem 1.5. [t is consistent that there is a model of KM 4+ CC 4+ —DC,,.

2. K-PERFECT POSETS

Throughout what follows we assume that x is an inaccessible cardinal. We will
say that T C 2<% is a tree if T # () and whenever s € T and ¢t < s (in the
sequence end-extension order), then ¢ € T. Given a tree T and a node ¢t € T', we
let Ty = {s €T |s>tor s <t} be the subtree of T consisting of the stem up to ¢
together with everything above . We will say that a tree T C 2<% is a s-tree if T
has height . Next, we define the notion of a perfect x-tree T' following [Kan80].

Definition 2.1. A tree T' C 2<* is a perfect k-tree if it satisfies the following:
(1) Every node of T has a splitting node above it (T is splitting).
(2) For every limit ordinal o < &, if s € 2% and s [ 8 € T for every 8 < a, then
s €T (T is closed).
(3) For every limit ordinal a < k if s € 2% and for cofinally many f < «, s | 8
splits, then s splits (the splitting nodes of T are closed).

We define a partial order on perfect k-trees by asserting that if " and S are perfect
k-trees, then T < S if T C S.
The following propositions from [Kan80] are not difficult to prove.

Proposition 2.2 ([Kan80]). If a tree T C 2<% satisfies conditions (1) and (2)
above, then condition (3) is equivalent to the assertion that for every branch f € 2%
of T, the set Cy = {a < k| f | a splits} is a club.



JENSEN FORCING AT AN INACCESSIBLE AND A MODEL OF KELLEY-MORSE
SATISFYING CC BUT NOT DC,,

In fact, even though we won’t make use of it, we note that given a perfect x-tree
T, the subset of k consisting of all limit levels of T" at which every node splits is a
club.

Proposition 2.3. If T is a perfect k-tree, then
C ={a < k| every node in T N 2% splits}
is a club.

Proof. Clearly C is closed, so it remains to check that it is unbounded. Fix oy < k.
Let a1 be a level above aqg such that for every node s € T N 2%, s splits below
level «p. Similarly, given a,, for some n < w, let a,,4+1 be a level above «;, such
that for every node s € T'N 2%, s splits below level ay,41. Let a = sup,, ., o, Fix
a node t € TN 2% We will show that ¢ has cofinally many splitting nodes below
it. Fix 8 < a, and let n < w be least such that a,, > 3. Let s < ¢ be such that
s €2 NT. Let v < apy1 be the least level having a node s’ > s which splits. By
the leastness of v, s’ < t. Since ¢ was arbitrary, it follows that every node on level
«a of T splits. O

Proposition 2.4 ([Kan80]). Suppose that 8 < r and {T¢ | £ < B} is a <-decreasing
sequence of perfect k-trees. Then T = ﬂ£<6 T is a perfect k-tree.

Because of the presence of limit levels, the perfect k-trees do not behave as
nicely as perfect trees (subtrees of 2<% in which every node has a splitting node
above it). For instance, consider the standard fact that if T and S are perfect
trees whose intersection contains a perfect tree, then there is a maximal perfect
tree T AS CT NS, the meet of T and S. Let’s see that this maximality property
fails for perfect x-trees.

Proposition 2.5. There are perfect k-trees S and T whose intersection contains
a perfect k-tree but no maximal one.

Proof. Fix some t € 2¥. Let T be the tree 2<% with all nodes > t~00 and > ¢~10
removed. Let S be the tree 2<% with all nodes > ¢t01 and > ¢~ 11 removed.
Clearly, S and T are perfect s-trees, and there are many different perfect x-trees
contained in S NT. Note next that a perfect s-tree in the intersection of S and T
cannot contain the node ¢ and therefore has to be bounded below t. Suppose that
R C SNT is a perfect x-tree and n is largest such that ¢ [ n € R. Let t(n+1) = 1.
Then RU(2<");1,41-(1—4) 18 a perfect k-tree contained in SNT'. Thus, there cannot
be a maximal perfect k-tree contained in SN T. (]

Another example comes from considering closure under unions. While perfect
trees are closed under finite (<w-sized) unions, and we would like, by analogy, for
perfect k-trees to be closed under <k-sized unions, they are not closed even under
w-sized unions.

Proposition 2.6. There are w-many perfect k-trees {T,, | n < w} whose union is
not a perfect k-tree.

Proof. Let {r,, | n <w} be a sequence of distinct elements of 2* such that for every
m < w and s € 2™, there is some r,, with s C r,,. For each n < w, let T, = (2<%),. ,
which is clearly a perfect s-tree. Now observe that | J, ., 75, includes 2<%, but does
not include every node in 2“, and hence cannot be a perfect k-tree because it fails
the closure requirement (2) from Definition 2.1. O
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Next, we will define the notion of a k-perfect poset, whose elements are perfect
k-trees ordered by the subset relation.

Definition 2.7. A collection P of perfect x-trees ordered by the subset relation is
a k-perfect poset if it satisfies the following conditions:
(1) 2<F e P.
(2) fTePandteT, then Ty € P.
(3) If {T¢ | £ < B}, with 8 < k, is a C-decreasing sequence of trees in P, then
T= ﬂ£<5 Tg eP.
(4) Suppose T € P, a < & is a successor ordinal, and {T) | s € T N2°} is a

collection of elements of P such that 7(5) C T,. Then US@Q 76 e P.

We will refer to property (3) as the <x-intersection property and to property (4)
as the weak union property.

Note that the union [ J,cga T in the definition of the weak union property must
be a perfect k-tree because we chose o to be a successor ordinal. Note also that a
k-perfect poset is <k-closed by the <k-intersection property.

We can actually strengthen the weak union property as follows. Suppose T is a
perfect k-tree, X is an antichain of nodes on successor levels of T, with |X| < &,
and

T={T®|seX}
is a collection of perfect k-trees such that T(®) C T for every s € X. We say that
a tree S is the tree T slimmed down by T if S is the result of replacing T by T
in T for every s € X.

Proposition 2.8. Suppose P is a k-perfect poset, T € P, X is an antichain of
nodes on successor levels of T, with |X| < «, and T = {T®) | s € X} is a collection
of perfect k-trees such that T®) C T, for every s € X. Then the tree S, which is
the tree T slimmed down by f, is in P.

Proof. Let B < k be a limit ordinal such that all nodes in X appear on levels
below 8. For every successor ordinal a < §, let X, = X N 2% Enumerate the
successor ordinals below 3 as {a¢ | £ < 8}. Let Sp = T'. Suppose we have defined
a C-decreasing sequence {S¢ | £ < v} C P for some v < 3. Let S} = ., S¢,
which is in P by the <k-intersection property. Let S, be Si/ slimmed down by
T; ={T®) |sc Xa, }, which is in P by the weak union property. Clearly S, C S¢
for all £ < . Now it is easy to see that S = ﬂg<,@ S¢, which must be in P by the
<k-intersection property. (I

The following proposition is standard. Given a perfect x-tree T', we will denote
by [T] the collection of all cofinal branches through T'.

Proposition 2.9. Suppose that P is a k-perfect poset and G C P is V-generic.
Then A = (\pee T is a cofinal branch of every T € G and for every T € P, if
A€ [T)], thenT € G. Thus, A determines G.

Since A is a characteristic function of a subset of x, we can view a generic filter for
a k-perfect poset as a subset of k.

Recall that perfect posets, whose elements are perfect trees ordered by subset,
are required to be closed under meets: if 7" and S are elements of a perfect poset,
then so is T'A S (see [FGK19] or [Abr84]). Closure under meets is an extremely
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useful property. In particular, it follows from it that if perfect trees T and S are
compatible (have a perfect tree in their intersection), then they are compatible in
any perfect poset to which they belong. This suggests that a useful property for
k-perfect posets might be to insist that they respect compatibility of perfect x-trees
in the following strong sense.

Definition 2.10. Let us say that a rk-perfect poset P has the <k-compatibility
property if whenever X C P has size less than & and [),.x T contains a perfect
k-tree, then there is a tree S € P such that S C (o x T

If a k-tree doesn’t have a subtree that is a perfect s-tree, then a r-perfect
forcing cannot add such a subtree (see Proposition 2.12 below). Suppose that A is
an inaccessible cardinal. Let us first see that it is consistent to have a A-tree T that
does not contain a subtree that is a perfect A-tree and a forcing notion preserving
the inaccessibility of A such that in the forcing extension, T" has a perfect A-tree as
a subset. Recall that S C A\ is called fat stationary if for every club C C A and
a < A, the intersection SNC contains a closed set of order-type «. A fat stationary
set is said to be non-trivial if it doesn’t contain a club. If X is at least Mahlo,
then the complement of the regular cardinals in A is a non-trivial fat stationary
set. Also, we can force with Add(), 1) to add a Cohen subset to A and use the
characteristic function f of the Cohen subset to define fat stationary and co-fat
stationary sets S = f~1(0) and S = f~!(1). If S is fat stationary, then the club
shooting forcing Pg for S, whose conditions are closed bounded subsets of S ordered
by end-extension, is <A-distributive and adds a club subset to S [AS83].

Proposition 2.11. It is consistent that A is an inaccessible cardinal and there is
a A-tree T without a subtree that is a perfect A-tree and a poset P such that in
any forcing extension by P, A remains inaccessible and T has a perfect A-tree as a
subset.

Proof. Fix a stationary set S in A. Define a k-tree T by s € T whenever s(a) = 0
for every o ¢ S. Note that T splits precisely at levels a € S. Let’s argue that T
contains a subtree that is a perfect k-subtree if and only if S contains a club.

Suppose, first, that S contains a club C. Consider the tree T consisting of
s € 2<% such that s(a) = 0 for every a ¢ C. Clearly TC is a subtree of 7. The
tree T¢ has a splitting node above every node because C' is unbounded, and it is
obviously closed. Fix any branch f € 2% through T, and observe that

Cr={a<k|f]asplts}=C,

and hence is a club. So by Proposition 2.2, T¢ is a perfect s-tree. Next, suppose
that S does not contain a club. Suppose towards a contradiction that T C T is a
perfect x-tree. Fix a branch f € 2% through 7T, and observe that Cy is a club by
Proposition 2.2. But then 'y C §, contradicting our assumption that S does not
contain a club.

Now suppose further that S is a non-trivial fat stationary set and force with
the poset Pg. Since Pg is <k-distributive, x remains inaccessible in the forcing
extension by Pg. By the above argument, the r-tree T° does not have a subtree
that is a perfect k-tree in V, but will have one in any forcing extension by Pg. O

Proposition 2.12. Suppose P is a <k-closed poset and T is a k-tree. If T does
not have a subtree that is a perfect k-tree, then it won’t have one in any forcing
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extension by P. In particular, a k-perfect poset cannot add a subtree that is a perfect
K-tree to a k-tree without one.

Proof. Suppose that T' is a k-tree that doesn’t have any subtrees that are perfect
k-trees. Suppose towards a contradiction that there is a forcing extension V[G] by
P in which T gets a perfect x-tree as a subset, and fix a condition p € P forcing this.
Let & > k be a regular cardinal and let X < Hy be an elementary substructure
of size k such that p,P,T € X and X<* C X. Let 7 : X — M be the Mostowski
collapse map, and note that M <% C M. Let Q = 7(P), ¢ = w(p). Observe that we
have 7(T) = T since k C X (follows from closure). By elementarity, in M, ¢ forces
that T contains a perfect x-tree as a subset. Since, by elementarity, Q is <x-closed
in M and M<® C M, we can build in V' an M-generic filter G for M with ¢ € M
(see Proposition 4.2). But then T has a perfect s-tree as a subset in M[G] C V,
which contradicts our assumption.

O

Let’s describe the smallest s-perfect poset P, which we will construct in x-
many steps as follows. Let

Py = {(2<%); | t € 2<"}.
Suppose inductively that P¢ has been defined. Let IE”{{5 41 be the collection of all trees
T € P¢ slimmed down by some T' = {T®) | s € 26 N T} C P¢, with § a successor
ordinal. Let P¢; 1 be the collection of all trees T'= (. g T for some C-decreasing
sequence {T, | a < B}, with 8 < k, of trees in PI§+1~ At limit stages, we take
unions. The poset
IEDmin = U P§

£<k
The poset P, is k-perfect by construction. Note also that it has size .
Given a tree T' € Py, let us say that « is a nice level of T if for every node t
on level @ of T, Ty = (2<%);. Clearly, if « is a nice level of T and @ > «, then @ is
also a nice level of T.

Proposition 2.13. Fvery tree T' € P, has a nice level.

Proof. We will argue by induction on § < x that every tree in IP¢ has a nice level.
Clearly, every tree in Py has a nice level. So suppose inductively that every tree

in P¢ has a nice level. Let S € ]P”5 4+1- Then S is a tree T' € P¢ slimmed down by

some T = {T®) | s € 2°NT} C P, with 8 a successor ordinal. For each tree
T, let as be a nice level and let v be a nice level of T. Let a be above v and
ay for every s € T'N2°. Then clearly « is a nice level for S. Next, suppose that
{T,, | n < B} C HN{H? with 8 < k, is a C-decreasing sequence of trees. For each
n < B, let o be a nice level of 7. Let a > a, for every n < fandlet T =, 5 T).
Then clearly « is a nice level for T. U

Proposition 2.14. The poset Py, has the <k-compatibility property.

Proof. Let X C Puin be such that |X| < s and (¢ x T contains a perfect x-tree
S. Since X has size less than , there is a level a which is nice for every T' € X.
Thus, for every T € X and t € T N2%, T; = (2%);. Since S C (pex T is a
perfect k-tree, there is some ¢ € S on level a. So t € T for every T € X. But then
(2<%); C T for every T'€ X, and so (25%); € Npex T- O
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Definition 2.15. Let P<* denote the bounded support x-length product of a k-
perfect poset P. Conditions in P<* are functions p : k — P for which there is a
B < k such that for every v > 3, p(y) = 2<%. We call the domain of a condition
p € P<* the collection of all non-trivial coordinates of p.

3. GROWING K-PERFECT POSETS

In this section, we will show how to grow a x-perfect poset to a larger s-perfect
poset in a specially chosen forcing extension of V.

Definition 3.1. We associate to each k-perfect poset P, the poset Q(IP) whose
conditions are pairs (T, «) such that T' € P and « is a successor ordinal ordered so
that (Ts, a2) < (T1, 1) whenever ag > oy, To C Ty, and T3 N 2%t = To N 2%, We
call Q(P) the fusion poset for P because fusion arguments with perfect x-trees in P
can be expressed by meeting well-chosen dense sets in Q(IP).

The poset Q(P) is <k-closed and adds a generic perfect x-tree.
Proposition 3.2. The poset Q(P) is <k-closed.

Proof. Suppose that {(T¢,a¢) | £ < B}, with § < &, is a <-descending sequence
of conditions in Q(P). Let o = Je_ 5. Let T' = (.5 T¢, which is in P by the
<k-intersection property. Let’s verify that (T, + 1) < (T, ag) for every £ < 5.
Since the sequence is descending we have that T;, N2 = T¢N2% for all { <n < .
Thus, T'N 2% =T N 2%, [l

Let G C Q(P) be V-generic. Note that by the <k-closure of Q(P), x remains
inaccessible in V[G]. Let T = Uz 4)ec TN 25,

Proposition 3.3.
(1) T is a perfect k-tree in V[G].
(2) T < T for every condition (T,a) € G.

Proof. First, let’s prove (2). Fix a condition (T,«) € G and a node ¢ € T, with
t € 2°. By density, there is (S,v) € G with v > «a, 8. Let (T, &) € G be below both
(T,a) and (S,7). In particular, T C T and & > . Next, let (R,d) € G be such
that t € RN 2<%, Let (R,d) € G be below both (T, a) and (R, ). Then R C T, R
and RN 2min{@d} — pomin{adt — 7 ngmin{@d} Ty particular, t € R. Thus, since
RCT,teTCT.

Next, let’s prove (1). Suppose that ¢t € 27 is such that ¢ [ n € T for every
7 < 7. Choose some (T, «) € G with « > v, which exists by density. Then, by (2),
t [ neT for every n < ~. Hence t € T by closure, and since a >, t € 7. Closure
of splitting nodes is shown similarly. So it remains to show that above every node
in T, there is a splitting node in 7.

Fix a node t € 7. There is some condition (T,a) € G such that ¢ € T N 2.
We will show that conditions (5, 8) < (T, «) such that ¢ splits in S below level S
are dense below (T, ). Choose any condition (S, 3) < (T,«), and note that t € S.
Since S is a perfect k-tree, there must be some successor level § > /3 such that
t splits in S below level 8. Then the condition (5, 3) works. This completes the
argument that 7 is a perfect rx-tree in V[G]. O

Definition 3.4. Let Q(P)<* denote the bounded support k-length product of the
poset Q(P). Conditions in Q(P)<" are functions p : K — Q(P) for which there is
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B < k such that for all £ > 8 we have that f(£) = (2<%,0) is trivial. We call the
domain of a condition p € Q(P)<" the collection of all non-trivial coordinates of p.

Clearly, Q(P)<" is <x-closed, and hence preserves the inaccessibility of &.

For the remainder of this section, suppose that G C Q(P)<" is V-generic. Let
{T¢ | € < Kk} be the k-length sequence of generic perfect k-trees derived from G, and
let T¢ for € <  be the canonical Q(IP)<*-names for the trees 7¢.

First, we observe that any two distinct trees 7¢ and 7, are going to have a
bounded intersection.

Proposition 3.5. For any £ # 1 < k, the trees T¢ and T, have a bounded inter-
section. Hence, {T¢ | £ < k} is an antichain in the C-order.

Proof. Fix £ # n < k. We will show that the intersection 7¢ N 7, has size less
than . Fix any condition p € G. Let p(§) = (T¢, a¢) and p(n) = (T}, o). Pick a
successor ordinal o above both ¢ and o), and strengthen p to the condition ¢ such
that ¢(§) = (T¢, o), q(n) = (T, @), and ¢(B) = p(B) on the rest of the coordinates.
For each node t € 2% N T N1} choose two incompatible nodes g and ¢; above ¢
such that to € T¢ and t; € T,,. Let T¢ be the tree we get by replacing each (T¢);
with (T¢)¢, in T¢, which is in P by the weak union property, and let T, be the tree
we get by replacing each (T},)¢ with (7},)¢, in T,. Let ¢ be the condition such that
q(&) = (T¢, @), q(n) = (T,), @), and ¢(B8) = q(B) on the rest of the coordinates. Since
q < p, we have argued that it is dense below p to have conditions where the trees
on coordinates £ and n have intersection of size less than x. O

Now working in V[G], we will define a k-perfect poset P* extending P. The poset
P* is going to be generated by P and

U=A{(Te)e | § < r,t €Te}

by closing to obtain the weak union property and the <k-intersection property,
analogously to how the poset Py, was generated by the trees {(2<%); | t € 2<%},
Let P§ = PUU. Suppose inductively that ]P’E has been defined. Let IP”§+1 be the
collection of all trees 7' € P} slimmed down by some T={T®|seTn2°}C Pz,
with 8 a successor ordinal. Let ¢, be the collection of all trees T' = [, 5 Ta
for a C-decreasing sequence {T, | a < 8}, with 8 < &, of trees in ]P/£+1' At limit
stages, we take unions. The poset P* = U§<,€ Pg. Clearly P* is a k-perfect poset in
V[G]. Note that if the original poset P had size k, then so does the poset P*.

The next proposition will be used to show that if P has the <x-compatibility
property, then so does P*.

Proposition 3.6. Suppose {S¢ | £ < p} C P, with p < k, and for some a < K,
(Ta): N (ﬂ£<p Se) contains a perfect k-tree as a subset. Then there is a node s € Ty,
with s > t, such that (Ta)s € Ne<, Se-

Proof. Fix a condition p € Q(P)<*, and let p(a) = (T,7). If ¢t ¢ T, let p = p.
So suppose that ¢ € T. By strengthening p, if necessary, we can assume that
is above the level of t. Fix a node s > t on level v of T. If Ty C ﬂ§<p Se, then
let U®) = T,. Otherwise, there is some node 5 > s such that 5 ¢ Ne<pSe- In
this case, let U®) = T, Let T be the tree T" with each T} replaced by U Let
P be the condition with p(a) = (T,v) and p(8) = p(B) for every 8 # «. Clearly,
P < p. Thus, conditions of the form p are dense in Q(P)<". Let p € G be some
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such condition. First, observe that, since t € T, p(a) = (T',7) as defined above.
Since (Ta)¢ N (ﬂ€<p Se) contains a perfect k-tree, there must be some node s € 27
such that (7a)s N (Ne<,(S¢)s) contains a perfect r-tree. Thus, it must have been
the case that Ty = U®) C ﬂ§<p Se. Hence, since p € G, (Ta)s C Ts C ﬂ£<p Se¢ by
Proposition 3.3 (2).

(]

Given a tree T' € P*| let us say that a level a of T is nice if for every ¢t € T N 29,
either Ty € P or T; = (T¢) for some £ < k. Clearly, if « is a nice level of T, then
every level 8 > « is also nice.

Proposition 3.7. FEvery T € P* has a nice level.

Proof. We will argue by induction on { < x that every tree in IP{ has a nice level.
Clearly, every tree in IPj; has a nice level. So suppose inductively that every tree
in P¢ has a nice level. Let S € P; ;. Then S is a tree T' € P slimmed down by

some T = {T) | s €2 N T} C Pg, with B a successor ordinal. For each tree T(%),
let oy > [ be a nice level and let v > 3 be a nice level for T. Let o be above y
and o for every s € T N2%. Then clearly « is a nice level for S. Next, suppose
that {75, | n < B} C P¢,,, with 8 < k, is a C-decreasing sequence of trees. For
every n < 3, let o, be a nice level for T,. Let a@ > o, for every n < 3, and let
T = mn<ﬁT Fix t € T N 2% If cofinally many (T;); € P, then this sequence
of tree is in V' by closure, and so Ty = [, 5(T}): is in P by the <s-intersection
property. Otherwise, there is 7 < § such that for every n < v < 8, (T.,): = (T,, )¢
for some p,. But then by Proposition 3.5, all p, = p for some single p. Therefore,
Ty = (7))

O

Proposition 3.8. Suppose that P has the <k-compatibility property. Then P* has
the <k-compatibility property.

Proof. Suppose that {T;, | n < B8}, with 8 < &, is some sequence of trees in P*
such that there is a perfect k-tree R C ﬂn <pIy. We need to argue that there is
T € P* with T C ﬂn<6 T,. For each n < B, let a; be a nice level for the tree
T, and fix o such that o > «,, for every n < 5. Fix a node ¢ on level o of R.
Then Ry € N,<5(Ty)e. If every (T;); € P, then the entire sequence is in V' by
closure, and so P has a perfect r-tree T C [, _5(T5): because we assumed that P
has the <x-compatibility property. Otherwise, (), 5(T;): = (Tp)e N (N5 S¢) for
some collection of trees S € P (there can only be one (7,); by Proposition 3.5).
Now by Proposition 3.6, there is a node s > t in 7, such that (7,)s C (N5 S¢-
Hence, T = (T)s C N,<p(Ty):- In either case, we have found a tree T' € P* with
TCN

n<5
O

Proposition 3.9.

(1) The antichain {Tq | & < K} is mazimal in P*.
(2) U is dense in P*.
(3) Every mazimal antichain of P from V remains mazimal in P*.

Proof. Fix T € P*. Choose a nice level 8 of T and some t € TN2°. If T, € P, then
by density, there is a condition ¢ € G and ordinals «,~ such that g(a) = (1%, 7).
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By Proposition 3.3 (2), we then have T, < T;. If T; ¢ P, then T; = (7,,)s for some
s. Thus, {7 | @ < k} is a maximal antichain in P* and U is dense in P*.

Fix a maximal antichain A4 € V of P. By the density of U, it suffices to argue
that every element of U meets A. So fix some tree (7,); € U. Fix a condition
p € Q(P)<*, and let p(a) = (T,7). If t € T, let p = p. So suppose that ¢t € T. By
strengthening p, if necessary, we can assume that v is above the level of . Fix a
node s > t on level v of T'. Since A is maximal in P, there is A € A compatible with
T,. Let U € P such that U C T, A. Let T be the tree we get by replacing T} with
Uin T. Let p be the condition with p(a) = (T,~) and p(8) = p(B) for all 8 # a.
Clearly, p < p. Thus, conditions of the form p are dense in Q(P)<*. Let p € G be
some such condition. Since t € Ty, p(a) = (T,7) as constructed above. Then we
have (T3,)s C Ts C A € A, verifying that (7): is compatible with an element of A.

O

Property (3) of P* above generalizes to k-length bounded support products P*<*.
Let U<* consist of conditions in P*<* such that for every a in the domain of p,
p(a) € U. Clearly, U< is dense in P*<F.

Proposition 3.10. Every mazimal antichain of P<* from V remains mazximal in
P*<r,

Proof. Fix a maximal antichain A € V of P<®. By density, it suffices to argue
that every condition ¢ € U<" meets A. So fix a condition ¢ € U<". Let D, be
the domain of ¢ and let (o) = (¢, )1, for every a € D,. Note that we can have
a # B € Dy such that £, = {g. By thinning out the trees ¢(«), for o € D, we can
assume without loss of generality that if £, = £g, then ¢, and ¢t are incompatible
nodes.

Fix p € Q(P)<*, and let p(§) = (T¢,ve) for every £ < k. If for some a € Dy,
to ¢ Te,, let p = p. So suppose that for all @ € Dy, t, € T¢,. By strengthening
p, if necessary, we can assume that there is a single v such that v = . and it is
above the level of ¢, for every o € D,. For every a € Dy, fix a node s, > t, on
level 7y of T¢,, and note that by our assumption on ¢, if o # 3, but &, = 3, then
Sq # S3. Let r € P<" be the condition defined by r(a) = (T¢,)s, for every o € Dy
and r(«) is trivial otherwise. Since A is maximal in P<", there is a condition a € A
compatible with r. Fix ¥ < a,r. Given n < &, if n = &, for some o € Dy, let Tn
be the tree we get by replacing (7},)s, with 7(3) for every 8 with n = 3. Let p
be the condition such that p(n) = (T,,,7) for every n = &, for some o € Dy, and
p(n) = p(n) otherwise. Clearly, p < p. Thus, conditions of the form p are dense in
Q(P)<*. Let p € G be some such condition. Since t, € T¢, for every a € Dy, it
follows that p(n) = (T, 7) for every n = &, for some « € D, as constructed above.
Then we have for every a € Dy, (T¢.)s. € (Te.)s. € a(a). Thus, ¢ and a are
compatible.

([l

Finally, we will argue that generic filters for P* restrict to generic filters for P.
This property will be used extensively in later arguments.
Proposition 3.11. Suppose H* C P* is V[G|-generic. Then H = H* NP is
V -generic for P.

Proof. By Proposition 3.9 (3), H meets every maximal antichain of P from V. So
it remains to check that H is a filter. Clearly, H is upward closed. So it remains
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to verify that any two conditions in H are compatible in H. Fix 171,75 € H. Since
Ty, T, € H*, there is S € H* such that S C T;,T5. Let 8 be a nice level of S and
let t € SN 2% be such that S, € H*. If S, € P, then we are done. Otherwise,
St = (Ta)t for some a < k.

Fix a condition p € Q(P)<", and let p(a) = (T,7). If t € T, let p = p. So
suppose that ¢ € T. By strengthening p, if necessary, we can assume that v > .
Fix anode s >t on level y of T. If Ty, C 13,75, let U =1, Otherwise, there is
some node § > s such that 5 ¢ T or § ¢ Ty. In this case, let UG = T.. Let T be
the tree T with each T, replaced by U). Let p be the condition with p(c) = (T',7)
and p(8) = p(pB) for every 8 # a. Clearly, p < p. Thus, conditions of the form p are
dense in Q(P)<*. Let p € G be some such condition. Since t € T,,, p(a) = (T, )
as constructed above. Since (74): C T1, T by assumption, it must have been the
case that (7,)s € Ts C T1,T». Thus, we have Ts C T1,T5 and T € H.

O

Proposition 3.12. Suppose H* C P*<* is V[G|-generic. Then H = H* NP is
V-generic for P<F,

Proof. By Proposition 3.10, H meets every maximal antichain of P from V. Clearly,
H is upward closed. So it remains to verify that any two conditions in H are
compatible in H. For every a < k, let

H) = {p(a) |p € H"}.

Then H} is V[G]-generic for P*. Let H, be the restriction of H to P, which is
V-generic by Proposition 3.11. Fix p;,ps € H, and observe that for every a < &,
p1(a),p2(a) € H,. For every a < k, let po < p1(a),p2(e) with p, € H,, making
sure to choose p, to be lp whenever both p;(a) = pa(a) = Lp. Let p € P be the
condition with p(a) = p, (note that p € V by closure). We will argue that p € H*.
It suffices to show that p is compatible with every condition ¢ € H*. So fix ¢ € H*.
Suppose towards a contradiction that p is not compatible with g. Then there must
be a coordinate « such that p(«) = p, is not compatible with g(«). Since p, € Hy,
there is a condition p € H* such that p(a) = p,. But then p and ¢ would be
incompatible, which is the desired contradiction. ([

4. K-JENSEN FORCING AT AN INACCESSIBLE K

In this section, we will construct a poset generalizing the Jensen poset J at an in-
accessible cardinal k. We will construct the x-Jensen poset J() in the constructible
universe L (see Section 6 for how to generalize the construction beyond L). Follow-
ing the construction in [Abr84], the Jensen poset J is built up as the union of an
wi-length chain of countable perfect posets, where unions are taken at limit stages
and maximal antichains are sealed at successor stages using a {>-sequence. The k-
Jensen poset J(k) will be analogously built up as the union of a xT-length chain of
k-perfect posets of size k. The construction will use a .+ (Cof(x))-sequence. The
successor stages of the construction will be completely analogous to the construction
of J from [Abr84]: based on the information provided by a .+ (Cof(x))-sequence,
we will either do nothing or grow our current poset P to P* as constructed in a
forcing extension by Q(P)<* of a carefully chosen transitive model M. At limit
stages, we will take unions, but then close (if necessary) to obtain the weak union
property and the <k-intersection property.
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For the duration of the construction, we let

D= (D, | ae Cof(k)NrT)

be the canonical' .+ (Cof(k))-sequence of L. At successor stages dictated by D
(as explained below), we will force over sufficiently nice transitive models of size
to obtain the next poset.

Definition 4.1. A k-suitable model is a transitive model M = ZFC™ +“P(k) exists”
such that:

(1) |M] = &,

(2) M<* C M,

(3) M = L,, for some a.

Natural examples of k-suitable models M arise as Mostowski collapses of elemen-
tary substructures M < L,.++ with [M| = x and M <% C M. Note that if M is a
k-suitable model and § = (k7)™ then D | § = (D, | a € Cof(k)N4) is an element
of M because we chose to use the canonical sequence (note that M is correct about
Cof (k) N4 since it is closed under sequences of length less than k). Note, also, that
any transitive model M that is closed under <x-sequences must be correct about
whether a poset P € M is k-perfect, and it must also correctly construct Q(P) and
Q(]P))<n.

Next, we need the following two standard propositions, which are usually used
for lifting elementary embeddings arising from large cardinals to forcing extensions.

Proposition 4.2. Suppose that M = ZFC™ is a transitive model of size k such
that M<% C M and P € M is a <rk-closed poset. Then there is an M-generic filter
for P.

The proof is a generalization of the standard diagonalization argument to show that
generic filters exist for countable models. The closure of M and P are used to get
through limit stages.

Proposition 4.3. Suppose that M = ZFC™ is a transitive (set or class) model
such that M<% C M and P € M is a poset. If G C P is M-generic, then
M|[G]<F C M[G].

The proof can be found, for example, in [GJ22] (Lemma 3.7).

Let M be a k-suitable model and suppose that P € M is x-perfect. By Propo-
sition 4.2, we can fix an M-generic filter G C Q(P)<*. In M[G], we can construct
the poset P*. Then, by Proposition 3.9 (3) and Proposition 3.10, every maximal
antichain A of P or P<* from M remains maximal in P* or P*<* respectively. Since
by Proposition 4.3, M[G]<" C M[G], P* is a x-perfect poset extending P. Finally,
the proof of Proposition 3.8 shows that if P has the <k-compatibility property, then
the poset P* has the <x-compatibility property not just in M[G], but fully in V.

The k-Jensen poset J(x) will be the union of an increasing chain (P, | @ < k™)
of k-perfect posets constructed as follows. Let Py = Pui,. Suppose that P, has
been defined. We let P, = P, unless the following happens. Suppose that
a € Cof(k) Nkt and D, codes an extensional and well-founded binary relation

1D is the sequence defined by letting Do = D for the L-least pair (D, C') such that D C a, C
is a club in o and D is not guessed on any £ € C N Cof(k) by (D¢ | £ € Cof(k) N a) if such a pair
exists, or letting D, = « otherwise.
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FE C a x «a such that the collapse of E is a x-suitable model M, with P, € M, and
a = (k7)Mo In this case, we take the L-least M,-generic filter G, C Q(P,)<"
and let Poy1 = P¥ as constructed in M[G,]. At limit stages of cofinality x, we
simply take unions. So suppose that A is a limit stage of cofinality v < k. We will
construct the A-stage poset Py in k-many steps by closing under the <k-intersection
property and the weak union property. Let IP’E\O) = Ug <xP¢. Suppose inductively

that ]P,g\g) has been defined. Let ]P’/)\@H) be the collection of all trees T' € Pg\g) slimmed
down by some T = {T®) | s € TN2°} C ]P’(f), with S a successor ordinal. Let
IP’E\EH) be the collection of all trees T' =, . s T, for some C-decreasing sequence
{To | « < B} C ]P”A@H), with 8 < k. At limit stages, we take unions. Let
P, = U5<,.; P&&). Clearly, Py is a k-perfect poset extending U€<>\ Pe. Thus, every
Pg for £ < k™ is a k-perfect poset by construction. Let
J(r) =P = |J Pe
E<kt

Thus, the following is clear.
Proposition 4.4. The poset J(k) is k-perfect.
Proposition 4.5. For every 8 < a < kt, Mg|Gg| € M,.

Proof. Fix B < a < kT. Since a = (k7)M it follows that (D¢ | € € Cof(k) N a)
is an element of M,, and hence Mg € M,. Also, since Gg was chosen to be the

L-least Mpg-generic, it is definable from Mpg, and hence must be in M, as well.
Thus, MB[GQ} € M,. O

Let 7{,(5), where £ < kT, £+1 is a non-trivial stage, and v < k, be the M-generic
perfect k-trees added in M¢[G¢]. Given a tree T' € J(x), let us say that a level o of
T is nice if for every t € T'N 2%, one of the following holds:

(1) There is a C-decreasing sequence {(7;(5# 5))
that Ty = e, (TA))e.

(2) There are u < k™ and p <  such that T} = (%(#))t_
(3) T, = (2<K')t-

Note that in a C-decreasing sequence {(’77,(?5)),5 | £ < v}, the indices pe must be
weakly increasing because if 7 is the generic perfect k-tree added by Q(P), then by
density, we cannot have T' C T for any T" € P. Note also that if « is a nice level of
a T, then every & > « is also a nice level of T'.

¢+ | € < v} for some v < K such

Proposition 4.6. Suppose that o < k+ is such that o + 1 is non-trivial successor
stage and A € My, is a mazximal antichain of Py. Then for every & < k, there is a

level B¢ of E(a) such that for every node t on level B¢, there is A, € A such that
(&) € Ay

The proof is an easy modification of the proof of Proposition 3.9(3).

Lemma 4.7. Every T € J(k) has a nice level.

Lemma 4.7 will be proved simultaneously with Lemma 4.8 below by induction
on £ < Kt to show that every tree in P¢ has a nice level.
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Proof. By Proposition 2.13, every tree in Py, has a nice level (according to our
latest definition of “nice”). Suppose inductively that every tree in P¢ has a nice
level and £ 4 1 is a non-trivial successor stage. Let T be a tree in Pei 1. Let o’ be
a nice level of T. Fix a node ¢t on level /. Then either T; = (’Tp(g))t or T; € P¢ by
Proposition 3.7. In the second case, let a; be a nice level for T;. Let a@ > o' and
a > ay for all t on level o of T. Then clearly « is a nice level for T. Next, suppose
that A is a limit stage and for every £ < A, every tree in ¢ has a nice level. If A
has cofinality x, then clearly every tree in Py = UE < P¢ has a nice level.

So suppose that A has cofinality less than . By our inductive assumption, every
tree in IF’&O) = U5 < P¢ has a nice level. Now suppose inductively that every tree in

IP’E\E) has a nice level. Let S € IP’;\(EH). Then S is a tree T' € ]P’(f) slimmed down by
some T = {T®) | s € TN2P} C }P’g\g), with 8 a some successor ordinal. For each tree
T, let ay > B be a nice level and let v > 8 be a nice level for T. Let o be above
v and ay for every s € T N 2. Then clearly « is a nice level for S. Next, suppose
that {T), | n < B} C ]P’;\(EH), with # < k, is a C-decreasing sequence of trees. Let
a;, be a nice level for 7}, and let o/ > a; for all n < . Suppose that u < i < A
and p 4+ 1,z 4+ 1 are non-trivial successor stages. By Lemma 4.8 applied below A,

A= {7;(“) | p <k} e MG, S M

(Proposition 4.5) is a maximal antichain in P;. Thus, by Proposition 4.6, for
every p < K, there is a level 3; of Tf,(” ) such that for every node ¢ on level 3,
(7;—(’1)),5 C (7;,(“)),5 for some p < k. Now consider the collection of all trees 7;,(”) such
that for some 7 <  and node t on level o of T,, (T))): = ﬂ5<y(7'p(§#§))t and g = fie,
p = pe for some £ < v. Note that this collection must have size less than . So we
can choose a large enough level o > o’ such that if y < fi, then for every node ¢ on
level , it is decided whether (7;,—(”)),5 C (7;(”)),5.

Let’s argue that o is a nice level for T". Fix t € TN2%. Note that T; =, _5(T5):-
By our choice of level «, each (T5,), fits one of the criteria (1), (2), or (3) for a nice
level. First, suppose that there are cofinally many 1 such that (77,); satisfies (1).
By our assumption on the level «, we can take each of the decreasing sequences
from the cofinally many 7 and intertwine them into a single decreasing sequence,
resulting in T} satisfying condition (1). If not, then there are boundedly many 7
such that (T;,); satisfies (1). Next, suppose that there are cofinally many 7 such that
(T,): satisfies (2). For each such n, let (T})); = (ﬁ(f”))t. Note that the sequence
of the p, must be weakly increasing. If the sequence stabilizes at some 7, then
T, = (’7;(,7 "))t, and hence satisfies condition (1). Otherwise, T; satisfies condition

(2). Finally, if both cases (1) and (2) are bounded below 7, then T} = (2<");, which
places it in (3). Thus, « is a nice level for 7. O

Lemma 4.8. Every mazimal antichain A € M, from P, remains mazimal in P¢
for every € < k™.

Proposition 4.8 is proved simultaneously with Proposition 4.7 above by induction
on & < k7.

Proof. By Proposition 3.9 (3), A remains maximal in P,11. So suppose inductively
that A remains maximal in P¢ for every o +1 < £ < A First, suppose that
A = n+ 1 is a non-trivial successor stage. Since M, C M,, A € M, and we
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assumed inductively that it remains maximal in P,. Thus, A is maximal in Py by
Proposition 3.9 (3). Next, suppose that A is a limit of cofinality . In this case
Py = U5 <xP¢, and so clearly A remains maximal. Finally, suppose that A is a
limit of cofinality less than x. Fix a tree T' € Py. By Proposition 4.7, which we can

assume holds at A since its proof relies on the lemma holding below A, we can let «
be a nice level of T'. Fix a node ¢ on level a of T'. Clearly, if T} = (Tp(&“))t for some
< Aor Ty € Py, then T} is compatible with some tree in .,il IfT, = ﬂ£<y(7;(5“5))t,
where the p¢ are bounded below A, then T} € Px for some A < A by the <x-closure
property. So by our inductive assumption, T; is compatible with some tree in A.

So suppose that Ty = ﬂ§<y(7;,(5“5))t, where the p¢ are unbounded below A. Fix
a < pe < A Then A remains maximal in P,, by our inductive assumption. By
Lemma 4.6, there is a 8 < x such that for every node s on level £ of ’7;(f£), there
is A; € A such that (’7;,(;%))5 C A,, and we can assume without loss of generality

that 8 > a. Fix a node s on level 8 of T;. Then T C (7;(5”5))5 C A, and hence T}
is compatible with A, € A. O

In particular, we get that each antichain {7;(&) | € < Kk} is maximal in J(k).

Proposition 4.9. Fvery mazimal antichain of PS® from M, remains mazimal in
PE" for every € < k.

Proof. Fix a maximal antichain A € M,, of P5*. It clearly suffices to argue that A
remains maximal in P$" for X of cofinality less than x. Fix a condition p € P}",
with p(§) = T¢, and let its domain be contained in 8 < k. Let vy be large enough
that 7 is a nice level for every tree T¢ with £ < 3. For each £ < 8, choose a node
te on level v of T;. We would like to argue that we can thin out each (T¢);, to a
tree S¢ C 7;(50‘) for some pe < w. If (Tg)y, = (25%)s or (Te)s = ( p("))tE for some
n < aand p < K, then (T¢);, € Py, and so by density, there is some 77)(;1) such that
’7;(;‘) C (T¢)¢,, and hence we can let S¢ = 7;(50‘). If (T¢)e, = (7;(0‘)),5E for some p < &,
then we can let S¢ = (T¢)q,. Finally, assume that (T¢);, = (’7;(77))t£ for some n > «
and p < K or (T¢)s, = ﬂn<v(7;’("n))t5 for some C-decreasing sequence of the trees
’7;(:) with pe < k. In either case, there is some 7 > a such that (T¢),, C (Tp("))tg.
By Proposition 4.6, there is some ¢ > t¢ and v < k such that (%(”))t C 7). Thus,
(Te)e € 7. and we can let S¢ = (T¢)¢. Thus, by strengthening the condition p,
if necessary, we can assume that for every £ < 3, p(§) C 7;(50‘) for some pe < k.
Let
X ={pe | £ < B}
Fix a condition ¢ € Q(P,)<" with ¢(n) = (S,,v,). Enumerate all sequences
v <o},

with 6 < k, such that ¥ : X — U,<p Sy and t(n) is a node on level v, of
Sy Let rg € P5"™ be the condition with ro(§) = (Spg)t_b(pg) for every £ < f8
(and trivial otherwise). Since A is maximal in P5*, there is a condition ag € A
compatible with rg. Let ry < rg,ap. For every pe € X, let 525 be the tree we
get by replacing (Sp,)p(,,) With r'(£) in S,.. Let go be the condition such that
for every pe € X, qo(pe) = (Sgg,'ypi), and otherwise go(n) = ¢q(n). Suppose we
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have defined a descending sequence of conditions g, with g, (1) = (S}, ;) for some

v < p < 6. First, for each n < r, we let (S}) = ﬂu<# Sy. Next, we define g, by

4, (n) = ((Sh)', 7). Clearly, q;, < g, for all v < . At this stage we take care of the

sequence of nodes #. Let r, € PS* be the condition with 7,(£) = (Sgﬁ)%u(pg) for

every f < . Since A is maximal in PS5, there is a condition a, € A compatible
with r,. Let TL <ru,a,. For every pc € X, let S,‘jﬁ be the tree we get by replacing

(S;fg);m(p&) with 77, (£) in (S%,)". Let g, be the condition such that for every pe € X,

qu(pe) = (Sgg,’ypé) and otherwise g, (n) = ¢, (). After S-many steps, we end up
with the descending sequence of conditions g,, with g,(n) = (S}, ,), for v < 4.
We let Sf] =V, <55y Next, we define g5 by ¢s(7) = (S‘s,%). Clearly, gs < q, for
all v < §. Thus, conditions ¢s are dense in PS5, So some such g5 € G,.

For every £ < 3, since p(&) C ’77)(?), there must be some node t¢ on level v, of
T2 such that p(€)r, € (TA™)s,. Let £ be defined by #{(¢) = t¢. Since MZF C M,,
it follows that ¢ € M,. Thus, ¢t = ¥ for some v < 8. It follows by our construction
of g5 that (’77)(50‘))t5 C (Sg&)tE C ay(¢). Thus, in particular, p(§) C a,(§) for all
¢ < B, and so p is compatible with a, € A.

([l

Proposition 4.10. Each poset Pe, for § < kT, has the <r-compatibility property.
In particular, the poset J(k) has the <rk-compatibility property.

Proof. By Proposition 2.14, Py has the <k-compatibility property. Suppose induc-
tively that for all { < A, P¢ has the <x-compatibility property. If A = £ + 1 for
some &, then Py has the <k-compatibility property by Proposition 3.8. If A is a
limit of cofinality &, then it is obvious that Py has the <rk-compatibility property.
So suppose that A is a limit of cofinality less than «.

Fix a collection {T¢ | £ < B} C P\, with f < &, and suppose that there is a
perfect k-tree S C ﬂg<ﬁ T:. We need to argue that there is a tree R € P, such that
R C (e5Te. Let o' be large enough so that it is a nice level for every T¢ with

& < . Now consider the collection of all trees ’Tp(” ) such that for some & < p and
node t on level o of T, (1) (T¢): = 7;,(“) or (2) (Te)s = ﬂn<y(77;(f”))t and [t = iy
and p = p, for some < v < k. Note that this collection must have size less than .
By Proposition 4.6, we can choose a large enough level a > o’ such that if u < f,
then for every node t on level « it is decided whether whether (’7;3(“ N € (T,
Fix a node ¢ on level a of S. Then S; C (,_5(T¢)¢, meaning that the intersection
contains a perfect x-tree. By our choice of level o and the fact that the intersection
contains a perfect x-tree, we can intertwine all the trees mentioned in forms (1) or

(2) of the trees (T¢); into a C-decreasing sequence of the form {7;(77") | n <~} with
~v < k. Thus, this intersection is an element of Py by construction. (]

Theorem 4.11. The bounded support k-length product J(k)<" of J(k) has the
kT -cc. In particular, J(k) must have the k™ -cc.

Proof. Fix a maximal antichain A of J(k)<". Choose a transitive model M < L, ++
of size k™ with A € M. We can decompose M as the union of a continuous
elementary chain of length k* of substructures of size x,

Xo< X1 <= Xeg =< M,
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with A € Xj, such that each successor stage X¢11 is closed under sequences of
length less than x, X?fl C Xey1. It will follow that each X, for a € Cof(k) is closed
under sequences of length less than x, X% C X,,. By properties of {,.+(Cof(k)),
there must be some a € Cof(k) such that « = k™ N X,, P, = J(k) N X, and S,
codes X,. Let M, be the transitive collapse of X,. Then P, is the image of J(k)
under the Mostowski collapse and « is the image of k*. Let 4 = AN X, be the
image of A under the collapse. So at stage « in the construction of J(x), we chose
a forcing extension M, [G4] of M, by Q(P,)<" and let P,4+; = P as constructed
in M,[G4). Thus, A remains maximal in J(x)<* by Proposition 4.9, and so it must
have been the case that A = A, verifying that A has size k. O

Proposition 4.12. Suppose H C J(k) is L-generic. Then for any o < k such that
M, is defined, the restriction H, of H to P, is M,-generic.

Proof. Fix an « such that M, is defined. Since every maximal antichain of P, from
M, remains maximal in J(k), it suffices to check that for every T,S € H,, there
is R € H, such that R C T, S. First, observe that the collection of all trees R in
P, such that either R C SNT or R is incompatible with either S or T is dense in
P,. Thus, there is a maximal antichain A of P, such that if R € A, then either
R C TnNS or R is incompatible with either S or T. Since A remains maximal
in J(k), H meets A. Thus, there is R € H, such that either R C SNT or R is
incompatible with one of them. Now observe that if R is incompatible, say, with
S, then, by the <x-compatibility property of P, (Proposition 4.10), there cannot
be perfect k-tree in the intersection of R and S. Thus, since R,S,T € H, R must
be compatible with both S and T', and hence R C S, T.

O

Proposition 4.13. Suppose H C J(x)<* is L-generic. Then for any o < k such
that M, is defined, the restriction Hy of H to PSF is M, -generic.

Proof. Again, it suffices to argue that for any p,q € H,, there is r € H, such that
r < p,q. For every B < k, let H®) be the restriction of H to the 8-th coordinate of
the product. Then each H® is L-generic for J(x). So by Proposition 4.12, each re-
striction H((f) of H®) to P, is M,-generic. Also, for each B < &, p(3),q(B) € H&ﬁ).
Thus, for each 8 < &, there is rg € H((f) such that rg < p(8),q(B). Let r € P5S" be
defined by r(5) = rg. Clearly, r < p,q. We claim that » € H. If not, then there
is some ¢ € H such that r is incompatible with g. This means that there is 5 < &
such that r(5) is incompatible with g(/5). But this is impossible because r(3) = rg

and q(3) are both in . Thus, r € H is as desired.
[l

5. THE KANOVEI-LYUBETSKY THEOREM FOR J(k)<"

Jensen showed that the poset J adds a unique generic real over L [Jen70]. As, in
the introduction, let J<“ be the bounded support w-length product of the poset J.
Lyubetsky and Kanovei extended the unique generics property of Jensen’s forcing
to J<¥ by showing that if G C J<% is L-generic, then the only J-generic reals in
L[G] are the (reals obtained from the) slices G, for n < w, of the generic filter
G [KL17]. In this section we will show that an appropriate generalization of the
Kanovei-Lyubetsky theorem holds for J(k)<*: if G C J(x)<" is L-generic, then the
only J(k)-generic subsets of k in L[G] are the (subsets obtained from the) slices G,
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for £ < k, of the generic filter G. In particular, this will imply that J(x) adds a
unique generic subset over L.

Suppose that P is a k-perfect poset and H is a V-generic filter for the product
P<#. We will call he the subset of x added by the ¢-th coordinate of H and let hg
be the canonical name for he.

For the next theorem we suppose that P is a k-perfect poset of size x that is
an element of a k-suitable model M. We should think of P as one of those k-
perfect posets P, arising at stage «, for a non-trivial successor stage o + 1, in the
construction of the poset J(x) and of M as the model M, from that stage.

Theorem 5.1. In M, suppose that h is a P<F-name for a subset of k such that
for all € < K, Ip<n I+ h # hg. Then in every forcing extension M[G] by Q(P)<*,
for every generic perfect k-tree Te, with & < k, conditions forcing that h ¢ [Te] are
dense in P*<",

Proof. Fix a condition p € P*<* and v < x. We need to argue that there is a
condition p/ < p such that p’ IF h ¢ [75]. Since U< is dense in P*<*, we can
assume, by strengthening p, if necessary, that p € U<*. Let d be the domain of p.
For every n € d, let p(n) = (T¢, )t,. By strengthening p further, if necessary, we can
assume that for every a < x and 7 in the domain of p, the nodes ¢,, for §,, = a form
an antichain. Observe that even though the condition p is not in M, the sequences
{& | n € d} and {t,, | n € d} are in M by closure. We will use both sequences in
the construction that takes place in M below.

Fix ¢ € Q(P)<", with ¢(a)) = (T4, pa). By strengthening ¢, if necessary, we can
assume that for every a < , if a = &), then p, is above the level of ¢,. If there is
a = &, such that ¢, ¢ T, then let § = ¢. So assume that for every o =&, t,, € T,,.
For every n € d, choose some node t/n on level pg, of Tg, .

For every n € d such that &, = v, we let Ney, = 1. Let ap € P<* be a condition
such that:

(1) For every n € d, ao(n) = (Tg, ),
(2) For every node s on level p, of T, if there is no 7 in the domain of p such
that &, = v and t;, = s, then there is 7, in the domain of ag such that

ao(ns) = (T)s-

Let 0 be above the domain of ag. By assumption Ip<« |-/ # hg for every € < k.
So there is a condition a; € P<F such that a; < a¢ and

ay IFp<x h ¢ [a1(0)].

More precisely there is a condition af, < ag which decides for some node s € 2<"
that s € hg and s ¢ h, and then we can choose a condition a; < af, such that

s ¢ a1(0).
Next, we let as < a; be some condition such that
ag IFp<e ¢ [ag(1)].

Continuing in this manner, we construct a descending sequence of conditions

fac [ € <6}
such that lower bounds are taken at limit stages, using <r-closure, and at successor
stages ag41 IFp<x h ¢ [ag11(€)]. Let a be a lower bound of the ag for { < §. Clearly,
for every £ < 4,

alFp<r h ¢ [a(€)].
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For every n € d, we let R = a(n). For every node s on level p, of T, we
let R = a(n,). Fix o < k, with a # 7. We let T,, be the tree T,,, where for
every &, = «, (Ta)t;] is replaced by R, Next, we let T7 be the tree T’,, where
(T’Y)ti, is replaced by R™ for every &, = 7, and we additionally replace (T%),,

with R() for every node s on level p~. Let @ be the condition such that for every
ned, q&) = (Te,, py), 4(v) = (Ty, py), and for the rest of the § < &, g(§) = q(§).
Clearly, § < q. Thus, conditions of the form ¢ are dense in Q(P)<", and hence
some such ¢ € G. It follows that for every n € d, (7¢,)s;, < a(n). Thus, p and a are
compatible. Let p’ < p,a. Now we argue that a lFp-<x h ¢ [75].

Let H* be any M[G]-generic filter for P*<* containing a. By Proposition 3.12,
it follows that H* restricts to an M-generic filter H for P<%. Obviously, a € H.
Thus, in M[H], hy is not a branch through any a(n) for n < 4. In particular, for
every node s on level p, of T, hy is not a branch through (75)s, and hence hy is
not a branch through 7, in M[H]. But this is absolute, and therefore hy is not a
branch through 7, in M[G][H"*].

Thus, it follows that p’ IF ¢ [7,], completing the proof.

O

Theorem 5.2. Suppose that H C J(k)<" is L-generic. If h € L[H]| is L-generic
for J(k), then h = he for some £ < K.

Proof. Suppose towards a contradiction that h is not one of the h¢. Let h be a nice
J(k)<"-name for h such that for all £ < x, j()<x h# he.

Choose some transitive model M < L,++ of size kT with h € M. We can
decompose M as the union of a continuous elementary chain of structures of size x

Xo< X1 < =<Xeg =< M,

with A € X, such that each successor stage X¢y1 is closed under sequences of
length less than k, X?_fl C Xe+1. By properties of &+ (Cof(k)), there is some
a € Cof(k) N kT such that o = k™ N X,, Py = J(k) N X,, and D, codes X,.
Let M, be the Mostowski collapse of X,. Then P, is the image of J(x) under the
collapse and « is the image of k™. Clearly h is fixed by the collapse because it
is a nice name and all antichains of J(x)<* have size <« (by Theorem 11.8). So
at stage « in the construction of J(k), we chose a forcing extension M,[G,] by
Q(P,)<" and let Po41 = P* as constructed in M,. By elementarity, M, satisfies
that Ip<x - i # he for all € < k. Thus, by Theorem 5.1, for every & < k,
P35, has a maximal antichain A¢ € M, [Go] consisting of conditions ¢ such that

q H—]P,<$1 h ¢ [Tg(a)]. By Proposition 4.9, all maximal antichains A¢, as well as the
antichain {’Tg(a) | £ < Kk}, remain maximal in J(x)<".

So let’s argue that if ¢ € Ag, then g IFy(.)<~ h ¢ [72(0‘)]. Let H C J(k)<* be an
L-generic filter containing q. Let 5+ 1 > a 4+ 1 be the first non-trivial successor
stage so that My is defined. By Proposition 4.13, H restricts to an Mg-generic filter
Hpg for Pgﬁ but in this case, we have Pg = Pq41. Thus, since My[Gao] € Mg by
Proposition 4.5, Hg is M,[G,]-generic. Since ¢ € Hpg, it follows that ilgﬁ ¢ [T¢ a)]
holds in M, [G.][Hz], but this statement is absolute, and so it also holds in L[H].
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Since H must meet every maximal antichain Ag, it holds in L[H] that hy = h

is not a branch through any 7'5(0‘). So, since {Té(a) | £ < Kk} is a maximal antichain,
h cannot be L-generic for J(k). O

Corollary 5.3. The poset J(k) adds a unique generic subset of k.

6. JENSEN FORCING OUTSIDE THE CONSTRUCTIBLE UNIVERSE

While < is crucial to the definition of Jensen’s poset J, working in the con-
structible universe L is not. We will describe below a general construction of a
poset, which we will still refer to as J, with the properties of Jensen’s poset in any
universe V having a {-sequence. The more general poset J will still add a unique
real and have the ccc. The only property we lose by not working in L is that the
unique generic real may no longer be a II3-singleton.

Fix a {-sequence D = (D, | a < w;). Let M be the collection of all countable
transitive models M | ZFC™. Given some M € M, let Gjs be a countable set of
subsets of M such that for every poset P € M, Gj; has an M-generic filter for P.
Let f be a function mapping each M in M to Gy;. Note that f € H,,. Suppose
that we are at stage a in the construction of the poset J and we have already
defined P,. If D, codes a set X, such that the Mostowski collapse of X, is a
model M, = ZFC™ + “P(w) exists” such that
(1) o= (wi)Me
(2) P, € M,,

(3) (De | € < a) € M,

(4) [T (Mo M) € M,
then we choose some G, € Gy, , and let P,y1 be P¥ as constructed in M,[G,].
Assumptions (3) and (4) ensure that Mg, Ms|Gg| € M, for < a.

Now it suffices to observe that given some f, D,P7 € N < H,, with |[N| = wy,
if we decompose N as the union of a chain of countable elementary substructures

Xo=<X1--=<-Xqg=<--<N

with f, 57 P’ € Xy, then there is some X,, whose collapse M,, satisfies the properties
above. But this is clearly true, by applying < to a subset of w; coding J, l_j, and
f. This will ensure that we can still argue that J has the ccc as well as a unique
generic.

The analysis carries over to the case of the forcing J(x), which can similarly be
defined outside of L provided that the universe has a .+ (Cof(x))-sequence.

7. FINITE ITERATIONS OF K-PERFECT POSETS

In this section we introduce the notion of a finite iteration of k-perfect posets,
which is going to be a finite forcing iteration in which every initial segment of
the iteration forces that the next stage is a k-perfect poset. We will follow the
presentation in Section 4 of [FGK19], but we will need to make significant changes
because several key constructions there relied on closure under unions, which we
lose with k-perfect posets.

Definition 7.1. A finite iteration of k-perfect posets is a finite iteration

n:@O*Ql*"'*Qn—l

such that Qg is a k-perfect poset and for 1 < i < n,
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1p, IF Q; is a k-perfect poset.

Given conditions p and ¢q in P,, such that p < g and ¢ < p, we will always just write
p = q because the two conditions have the same forcing properties, e.g. they force
the same statements and one is in the generic filter if and only if the other one is.

Recall that we only defined the notion of a k-perfect poset for an inaccessible
k. Thus, to formally define finite iterations of k-perfect posets, we need to argue
by induction on n < w that an iteration of x-perfect posets of length n preserves
the inaccessibility of k. Since k-perfect posets are <k-closed, we can assume induc-
tively that an iteration of length n of k-perfect posets is <r-closed, and hence, in
particular, preserves the inaccessibility of . Let Q, be a P,-name for a r-perfect
poset. Since P, I+ Qn is <k-closed, the iteration P, 41 is <x-closed as well.

Indeed, given a descending sequence p'= {p¢ | £ < S}, with § < &, of conditions
in P, let’s construct explicitly a condition p < pe for all £ < 8 such that if any
condition p’ < pe for all £ < 8, then p’ < p. Although, such a condition p won'’t
be unique because of the arbitrary choices of names in the construction, it will be
the case that any two such conditions p and ¢ will have the property that p < ¢
and g < p. Hence, since we identify such conditions, we can call p a greatest lower
bound of p. We will construct p by induction on i < n. Let

p(0) = [ pe(0),

£<B

which is in Qg by the <k-intersection property. Suppose inductively that we have
defined p [ 4 for some ¢ < n such that p [ ¢ < pe [ 4 for all £ < 3. Thus,
p il pe(i) < py(i) for any pair & < n < 3. By the <s-intersection property, there
is a P;-name p such that

plilkp=()peli) € Qi

£<n

We define p(i) = p. Clearly, the condition p has the desired properties.

Suppose that G C P, is V-generic. For 1 <i < n, let G; be the restriction of G
to P;. Let G(0) = Gy and for 1 < i < n, let G(i) = {p(i)g, | p € G}. Let h; be the
unique subset of k determined by G(i). It is not difficult to see that the sequence
h= (hoy ..., hn_1), of subsets of k, determines G. Elements of G are trees with
ho as a branch, and inductively, elements of G; 11 are conditions p € P;;; such that
p i€ G; and h; is a branch through p(i)g,.

Let succ(k) = {€ < k| £ is a successor ordinal}. Next, we define the analogue
of the fusion poset Q(P) for the finite iterations P,, of xk-perfect posets.

Definition 7.2. We associate to each finite iteration IP,, of x-perfect posets the
poset Q(P,) whose conditions are pairs (p, F) with p € P,, and F : n — succ(k)
ordered so that (ps, Fy) < (p1,F1) whenever py < pq, for every i < n, we have
FQ(Z) Z Fl(l), and

p2 i IF pi(i) N 2510 = py (i) 0 2P0,
We call Q(P,,) the fusion poset for P,,.

Proposition 7.3. The fusion poset Q(P,) is <k-closed.
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Proof. Suppose that {(pe, F¢) | € < B}, with 8 < k, is a descending sequence of
conditions in Q(PP,,). Let p be a greatest lower bound of {p¢ | { < f}. Let

F(i) = (supegle(i)) + 1.
Clearly, p(0) N 2F¢©) = p(0) N 2F(©) and
plilkp)N 2Fe()) — pe(i) N 9 Fe (i)
for all £ < 8 and ¢ < n. Hence (p, F') < (pe, Fe) for all € < . O

Fusion arguments with names for perfect x-trees require that we have some
information about a fixed level « of the tree. We will now argue that there are
densely many conditions in Q(P,) where this is the case.

Suppose p € P,, and o : n — 2<%. Following [FGK19], let’s define, by induction
on n, what it means for o to lie on p. For n = 1, we shall say that o lies on p
whenever ¢(0) € p(0). If o lies on p, we shall denote by p | o the condition p(0),(q).
Note that p | o < p. So suppose that we have defined when o lies on p for p € P,
and for a o which lies on p, we have defined p | o so that p | 0 < p. Let p € Pp,41.
We define that o lieson pifo [ nliesonp [nand (p | n) | (¢ | n) I o(n) € p(n). If
o lies on p, we shall denote by p | o the condition psuchthatp [n = (p [ n) | (¢ | n)
and f(n) = T, where T is a P,-name that is interpreted as P(n)om)y by any P,-
generic filter containing (p | n) | (o | n). Note that even though we are being
vague here about the choice of the names T, we can actually make these choices
canonically provided we fix well-orderings of the posets P,, ahead of time. Clearly
this gives that p | o < p. Note that if o and ¢’ lie on p are such that o [ i =0’ | ¢
for some ¢ < n, then (p | o) [i=(p]|d’) |i.

Definition 7.4. Let F' : n — succ(k), o : n — 2<% and p € P,. We shall say
that o lies on levels F if o(i) € 28 for all i < n. If o lies on levels F and lies
on p, we shall say that o lies on (p, F). Given a condition (p, F) € Q(P,), we will
let X% denote the set of all ¢ which lie on (p, F'). We shall say that a condition
(p, F) € Q(P,,) is determined if for every o which lies on levels F', either

(1) o lieson p (o0 € X}), or

(2) o(0) & p(0), or

(3) there is 1 <i < n such that o | ¢ lies on p [ ¢ and

(p 1) | (o 12)Fo(i) ¢ p(i).
Note that a set X% for a condition (p, F) € Q(P,,) has size less than &, since for
a < Kk, 2% < k and F' has a finite domain.
Proposition 7.5. If (p, F) € Q(P,) is determined, then the set

{ploloeXp}

is a mazximal antichain below p in P,.
Proof. We will argue by induction on n. Suppose n = 1. Fix (p, F') € Q(IP;) and let
q < p. Then there is ty € 2% such that ¢(0);, C p(0)s,. Thus, o with o(0) = to
lies on (p,F) and ¢ is compatible with p | . So suppose inductively that the
statement holds for n. Fix a determined condition (p, F') € Q(P,+1) and let g < p.

By our inductive assumption, ¢ [ n is compatible with (p [ n) | o for some ¢ which
lies on (p [ n, F [ n). So let

r<qln,(pln)|o
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Since g [ n Ik g(n) < p(n), it follows that r IF g(n) < p(n). Thus, there is ' < r
and some t € 2F(") such that 7/ IF g(n); < p(n);. Let 7:n +1 — 2<% be such that
7 [n =0 and 7(n) = ¢. Since (p, F') is determined, it must be the case that

(plIn)|(ocln)=(plIn)|(rn)lFtep(n).
It follows that 7 lies on (p, F'). Let r” € P,41 be such that +// [ n = ' and
r"(n) = g(n);. Then r” witnesses that ¢ is compatible with p | 7. O

Proposition 7.6. Suppose (p, F) € Q(P,,) is determined and o lies on (p | i, F | 7)
for some 1 <i <n. Then there is T lying on (p, F) such that 7 | i =o0.

Proof. Let ¢ be (p | i) | o concatenated with the tail of p for i < j < n. Clearly,
q < p. By Proposition 7.5, ¢ is compatible with p | 7 for some 7 which lies on
(p, F). But then clearly 7 [ i = 0. a

Proposition 7.7. Suppose that (p, F') € Q(P,,) is determined and o lies on (p | i, F | i)
for some i <n. Then
(1) p(0) is the union of p(0)(y for T that lie on (p, F').
(2) (p11)]| o forces that p(i) is the union of the p | 7(i) for T that lie on (p, F)
with T [i=o0.
In particular, (p | i) | o decides the F(i)-th level of p(i).

Proof. First, let’s prove (1). If 7 lies on (p, F'), then by definition, 7(0) € p(0). So
suppose that ¢ is a node on level F(0) of p(0). By Proposition 7.6, there must be
a 7 which lies on (p, F') with 7(0) = t. Next, let’s prove (2). If 7 | i = o, then by
definition,
(pli)|o=@|7)ilk7()ep).

Let ¢t be a node on level F(i) such that there is no 7 which lies on (p, F') with
7]i=o0and 7(i) = t. Let 7’ lie on F be such that 7' [ i = ¢ and 7/(i) = ¢. Since
7' does not lie on the determined condition (p, F'), there must be some j < n —1
such that 7/ [ jlieson (p [ 4, F [ j4) and (p [ j) | (v' | J) IF 7/(4) ¢ p(j). Clearly,
j>i. Ifj=1i,then (p[i)|ol-tép(i), and so we are done. But if j > i, then o’
liesson (p [ i+ 1,F [ i+ 1), where ¢’ | i = o and o¢’(i) = t, which cannot be the
case because then, by Proposition 7.6, we would be able to extend ¢’ to a 7 which
lies on (p, F). O

Proposition 7.8. Suppose that {(pe, F) | £ < B}, with 8 < K, is a descending
sequence of determined conditions in Q(P,,). If p is a greatest lower bound of the
sequence {p¢ | & < B}, then (p, F) is determined.

Proof. Since the statement clearly holds for n = 1, we can assume inductively that
it holds for some n and suppose that we have a descending sequence of conditions
{(pe, F) | £ < B}, with 8 < k, in Q(P,,41). Suppose that o lies on F'. If o [ n does
not lie on (p [ n, F' | n), then by our inductive assumption, there is some ¢ < n —1
such that o [ i lieson (p [ 4, F [i)and (p [ i) ]| (o [ 4) IF o(i) ¢ p(é). So we can
assume that o [ n lies on (p [ n, F' [ n). Thus, o [ n lies on every (pe [ n, F' | n) for
& < f3. Since every (pg, F) is determined, (pg | o) [ n decides whether o(n) € pg(n).
If every (pe | o) [ nlF o(n) € pe(n), then (p [ n) | (¢ | n) IF o(n) € p(n). But if
some (pe | #) | 1 o(n) & pe(n), then (p [ n) | (0 1 n) IF a(n) & p(n). O

We will soon show that determined conditions are dense in Q(P,). But first we
need to develop some machinery for working with them.
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Proposition 7.9. If p < q are conditions in P,, such that o lies on both p and q,
thenp|o <gq|o.

Proof. Since o lies on p, it follows that o(0) € p(0) and since o also lies on g, it
follows that o(0) € ¢(0). Also, since p < g, it follows that p(0) C ¢(0). Thus,
in particular, p(0)s©) € ¢(0)s,. This shows that (p | o) [ 1 < (¢ ] o) [ 1. So
suppose inductively that (p | o) [ i < (¢ | o) | ¢ for some 1 < i < n. Since o
lies on p, it follows that (p | o) | i IF o(i) € p(i) and since o lies on g, it follows
that (¢ | o) [ i IF o(i) € q(i). So (p | o) | i IF o(i) € g(i). Also, we have
(p| o) ilkp(i) < q(i). Thus, in particular, (p | o) [l p(i)e@) < q(i)s(;). Hence,
(plo)li+1<(qlo)li+l. O

The statement reverses for determined conditions with the same set of o lying
on them.

Proposition 7.10. Suppose that (p, F') and (q, F) are determined conditions such
that X% = XL. Ifplo < q| o for every o € X%, then (p,F) < (q, F).

Proof. Clearly, p(0) C q(0) and p(0) N 2F©) = ¢(0) N 27, Thus,
PILFI1)<(q¢lLF[1).

So suppose inductively that for some 1 < i < n,
(p 14, F1i)<(qliF i)

Let G C P; be V-generic with p [ ¢ € G. By Proposition 7.5, there is 0 € X%,
such that (p | o) [ i € G. So also, (¢ | o) | ¢ € G. Then p(i)g is the union of the
p|o'(i)g with o [ i=0" | iand o’ € X% and ¢(i)¢ is the union of the ¢ | o/(i)¢
with o | i =0’ [ i and ¢’ € X}.. Fix o/ with 0 | i = ¢’ [ i and ¢/ € X}.. Then
p| o’ <q| o by assumption. Thus, (p| o) [ilFp]|d'(i) C q|o'(i). It follows
that p(i)a C q(i)¢ and p(i)g N 2@ = ¢(i)g N 2F®. Thus,

pli+L,Fli+1)<(qli+1,FJi+1).

Next, we will introduce a kind of normal form for determined conditions.

Definition 7.11. Suppose that o : n — 2<%, Let’s call a condition p € P, a
o-condition if
(1) p(0) € (25%)5(0),
(2) forall 1 <i<mn,plilkp(i)C(27)50).
Suppose that Xp is a collection of o : n — 2<% lying on levels F' : n — succ(x).
An Xp-assignment is a function ¢ : X — P, such that each ¢(o) is a o-condition
and, for 1 <i < n, p(o) [ i =p(c’) | i whenever o | i =0 | i.

To motivate these definitions, consider a determined condition (p, F') € Q(P,).
In this case, the map ¢, defined by ¢,(0) =p | o for all 0 € X% is clearly an X.-
assignment. Thus, a determined condition (p, F') gives us a natural X%-assignment.
Because k-perfect posets are not closed under unions, we will not get that every
X p-assignment can be used to build a determined condition. This can already be
seen to fail for P, where Qy = P, because of the counterexample to forming
unions from Proposition 2.6. However, given a determined condition (p, F') and an
XP-assignment ¢ such that ¢(o) < p | o for every o € X%, we will be able to
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build a determined condition (¢, F) < (p, F') from ¢. This will give us a way of
strengthening determined conditions.

Suppose that Xp and ¢ are as in Definition 7.11. Observe that given any
o,0" € Xp, either 0(0) = ¢'(0) and so ¢(0)(0) = ¢(c')(0), or 0(0) = s #t = 0'(0)
are two nodes on level F(0) such that ¢(c)(0) C (2<7%), and ¢(c’)(0) C (2<%);. In
particular, if o(0) # ¢/(0), then the conditions ¢(c)(0) and ¢(c’)(0) are incompat-
ible. More generally, if o # ¢’, then either ¢(0) # 0’(0) or there is some least ¢ > 1
such that o [ i = ¢’ | i and there are nodes o (i) = s #t = /(i) on level F(i) such
that (o) | i I p(0)(i) € (2%), and @(0) [ i = p(0") 1 i IF p(e)(i) € <)
It follows, in particular, that for any ¢« < m, unless o | ¢ = ¢’ | i, the conditions
¢(o) i and p(o’) | ¢ are incompatible.

Proposition 7.12. Suppose that (p,F) € Q(P,) is determined and that ¢ is an
X% -assignment such that ¢(c) < p | o for every o € X§.. Then there is a condition
(¢, F) € Q(P,,) such that

(1) (¢, ) is determmed
(2) X% =
E ; for everyoEXF, q|o =),

(¢, F) < (p, F).

Proof. Let ¢(0) be the union of the ¢(c)(0) for o € X%.. Since ¢(0) is obviously the
condition p(0) slimmed down by T = {¢(c)(0) | ¢ € X2}, we have that ¢(0) € Qo
by the weak union property.

Let ¢(1) be the (canonical) Pi-name for the tree which is the union of the col-
lection of trees given by the interpretation of the name

{{e(0)(1), (0)(0)) | o € XL}

Fix a V-generic filter G C P; containing ¢(0). We need to argue that ¢(1)¢ € (Q1)a
and ¢(1)¢ < p(1)g. If ¢(0)(0) and ¢(c')(0) are in G, then o(0) = ¢/(0) = s for
some s, and so ¢(c)(0) = ¢(c’)(0). Fix o such that ¢(0)(0) € G. Thus, the
interpretation ¢(1)¢ is the tree which is the union of the ¢(0')(1)¢g for ¢’(0) = o(0).
Since ¢(0)(0) < (p | o) [ 1, it follows that (p | o) [ 1 € G. Therefore p(1)¢ is the
union of the p | o/(1) for ¢'(0) = 0(0) by Proposition 7.7, and ¢(o’)(1) < p | o'(1)
for every ¢’ with ¢/(0) = ¢(0). Thus, ¢(1)¢ is the tree p(1)¢ slimmed down by
T = {p(cd”)(1) | 6'(0) = o(0) and ¢’ € X7.}, and hence ¢(1)¢ € (Q1)¢ by the weak
union property. Also, ¢(1)¢ < p(1)g. Thus, ¢ [2<p[2.

Now generally, for some 1 < i < n, suppose that we have defined ¢ [ i such
that ¢ [ ¢ < p | i and for every o0 € X%, (¢ [ i) | (o [ i) = p(o) | i. Let (i) be
the P;,-name for the tree which is the union of the collection of trees given by the
interpretation of the name

{(e(0)(0), plo) 1) | o € X}

Fix a V-generic filter G C P; with q [ 1 € G. We need to argue that ¢(i)g € (Q;)¢a
and ¢(i)¢ < p(i)g. Since for 0,0’ € X%, (o) [ 7 and ¢(o’) | i are incompatible
whenever o | i # ¢ [ i, if ¢(0) | ¢ and ¢(o’) | ¢ are both in G, then ¢’ [ i =0 |
1 = 7 for some 7. By Proposition 7.5 and our inductive assumption, we can fix
o such that ¢(o) | ¢ € G. Thus, the interpretation q(')G is the tree which is the
union of the ¢(o’)(i)g for o’ [ i =0 [ i. Since p(o) [ ¢ < (p]| o) | i, it follows that
(p|o) i€ G. Therefore p(i)g is the union of thep | cr’( Yforo' [t =0 [iby
Proposition 7.7, and ¢(0”)(¢) < p | /(i) for every o’ with ¢’ [ i = o [ i. Thus, ¢(i)g
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is the tree p(i)¢ slimmed down by T' = {¢(c")(i) | o’ | i =0c | i and o’ € X%}, and
hence ¢(i)¢ € (Q;)¢ by the weak union property. Also, ¢(i)¢ < p(i)g. Thus, we
get g [1+1<p i+ 1. Let q be the condition resulting from this construction.
First, we argue that every o € X% lies on (¢, F') and simultaneously show (3). So

fix some o € X7.. By construction o(0) € ¢(0) and ¢(0)(0) = ¢(c)(0). So assume
inductively that for some 1 <14 < n,

(1) o [ilieson q |,

(2) (¢lo) li=¢(o) i
Suppose that G C P; is a V-generic filter containing (¢ | o) [ i = ¢(0) [ i. By
definition of ¢, we have

(@(D)c)o) = p(o)(i)c-

Soo i+ 1lieson g [+ 1 and we have
(glo)Ti+1=¢p(o) i+ 1.

Now suppose that 7 : n — 2<% lies on (q, F'). By definition of g, it follows that
7(0) = o(0) for some o € X7.. So suppose inductively that for some 1 < i < n,
there is o € X% such that 7 | ¢ = o | i. Since 7 lies on ¢, it follows that
(qg| o) lilk7(i) € q(i). But then there is some ¢’ such that o [ i = ¢’ [ i and
7(i) = o/(i). So in the last step, we will obtain o € X7, such that o = 7. This
completes the proof of (2).

Next, let’s argue that (¢, F') is determined. Fix o : n — 2<% lying on levels F'
such that o ¢ X7 = X7.. Let i <n — 1 be largest such that o | ¢ lies on p [ ¢ and

(p1d)] (o 1)l o(i)¢pi).

Then o | i lieson ¢ [ ¢ and (¢ [ i) | (o | %) forces that ¢(i) is the union of the
o(o”)(i) with o [ i =o' [ i. It follows that

(g 19)[(o14)Ia(i) ¢ q(@),

because otherwise ¢ would not be the largest with the above property.
Finally, since X} = X} and for every 0 € X7, ¢ | 0 = (o) < p| o, it follows,
by Proposition 7.10, that (¢, F) < (p, F). O

We shall call the condition ¢ constructed in Proposition 7.12 the amalgamation
of ¢. Thus, we get the promised normal form for determined conditions.

Corollary 7.13. Suppose that (p, F) is determined and q is the amalgamation of
the XT.-assignment ¢,. Then q = p.

Proof. By Proposition 7.12, ¢ < p, Xt = X{, and ¢ | 0 = p | o for every o € X}
Thus, by Proposition 7.10, p < gq. (I

Proposition 7.14. Suppose that (p, F') is a determined condition and ¢ < p | o
for some o € X%.. Then there is a determined condition (p/, F') < (p, F) such that

plo=q

Proof. We will define an X%--assignment ¢, such that ¢(o) = g and p(7) < p | 7 for
every 7 € X7, whose amalgamation will be p’. Fix 7 € X}. Let ¢ < n be largest
such that 7 [ ¢ = o [ i. Let ¢(7) be ¢ | i concatenated with the tail of p | 7 for
i <j <n. Clearly ¢ is an X7-assignment and ¢(7) < p | 7 for every 7 € X%. Let
p’ be the amalgamation of ¢. By Proposition 7.12, (p/, F)) < (p, F'). By definition,
(o) = ¢ and, by Proposition 7.12, ¢ = p' | 0. O
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Proposition 7.15. Suppose that (p, F) € Q(P,) is determined. Suppose further
that (o, q) is a property of a condition q € P, and o : n — 2<% such that for
every o € X%, the set of all g such that v (o,q) holds is dense open below p | o.
Then there is an X%.-assignment ¢ such that for every o € X%, p(o) <p|o and

Y(a,¢(0)).

Proof. Using the inaccessibility of , the set X% has size less than x. So we can
enumerate X7, = {0, | £ < B} for some 3 < k. Let gy < p | o be such that (oo, qo)
holds. Suppose inductively that for some v < 8, we have constructed ¢ < p | o¢
for £ < v such that 1(o¢, ge) holds and for all & < & < yifog, [ ¢ =0¢, [ ¢ for
some 1 <4 < mn, then g¢, [ @ < ge;, [ 4. Let’s argue that we can construct ¢, to
maintain this inductive hypothesis. Let ¢ = 1 and let

Vi ={{ <7 [0¢(0) = o, (0)}.

If 1 = 0, let ¢/,(0) = p(0)s,(0)- Otherwise, by our inductive assumption, the
conditions g¢(0) for £ € Y7 form a C-descending sequence below p(0)y (). Let
7,(0) = ﬂ&eYl ge(0), which is an element of Qg by the <k-intersection property.
Suppose inductively that for some ¢ < n, we have constructed q; [ i such that

¢ i< (ploy) i,
andforall§<’yifaf[jzow[jforsomelgjgathenq;[qugfj. Let
Vi={{<v|oeli+1=0,]i+1}.
IfY; =0, let ¢ (i) = p| o,(i). Since ¢, [ i < (p|oy) [ i, we have
¢ li+1<(ploy) i+l

Otherwise, Y; # (). Observe that in this case, the condition qif [ 7 forces that the
qe (i) for § € Y; form a C-descending sequence below p(i), ;). Thus, we can let
¢, (i) be a P;-name that is forced by ¢/, [ i to be the intersection of the g¢(i) for
§ € Y;. Finally, let g, be any condition below ¢ such that (0., g,) holds. Thus,
we have constructed a sequence of conditions {g¢ | £ < 5} such that

(1) g¢ <p| o,

(2) ¥(0o¢,ge) holds, and

(3) for every & < & < B, if there is i < n such that o¢, [ ¢ = g¢, | ¢, then

ge, [0 < qe [0

Now fix any o € X%. We will define the corresponding condition (o). Let p(o)(0)
be the intersection of the C-descending (below p(0),(9)) sequence of conditions
g¢(0) for £ < B such that o(0) = 0¢(0). Suppose we have defined (o) | ¢ for some
i < m such that ¢(o) [ i < g¢ | @ for every £ < B whenever o¢ [ i = o | i. Let
¢(o)(i) be a P;-name for the intersection of the C-descending sequence gg (i) for
¢ < B such that o¢ [ i+1 =0 | i+ 1. Note that, for o,7 € X, if o [ i =7 |4,
then ¢(o) | i = ¢(7) | i. Clearly, the collection of the ¢(o) is an Xh-assignment,
for every v < B, ¢(04) < ¢y < p | 0, and so by open denseness, ¥ (o, ¢(cy))
holds. ]

The corollary below follows by Proposition 7.12.

Corollary 7.16. Suppose that (p, F) € Q(P,) is determined and (o, q) is a prop-
erty of a condition ¢ € P,, and o : n — 2<% such that for every o € X%, the set
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of all q such that ¥(o,q) holds is dense open below p | o. Then there is a deter-
mined condition (q, F) < (p, F) such that X§ = X% and ¢(0,q | o) holds for every
oe Xh.

Proposition 7.17. If (p, F) € Q(P,,), then there is (¢, F') < (p, F) such that (¢, F)
is determined. In particular, determined conditions (q, F') are dense in Q(Py,).

Proof. We will argue by induction on n. The case n = 1 is obvious. So suppose the
statement is true for Q(P,) for some n. Let (p,F) € Q(P,+1). By our inductive
assumption, there is a determined condition (¢, F [ n) < (p [ n,F | n). Fix a
o€ X}I;rn. Enumerate the level F/(n) of 2<" as {t¢ | £ < B} with 8 < k. Build
a <-descending sequence of conditions r¢ < ¢’ | o for & < f such that r¢ decides
whether t¢ € p(n). Fix r below this sequence. Then r < ¢’ | o and r decides
whether ¢ € p(n) for every node ¢ on level F(n). Let 1(c,r) be the property that
r < ¢ | o and r decides t € p(n) for every node t on level F(n). We just showed
that conditions r satisfying ¢ (o, r) are open dense below ¢’ | o for every o. Thus, by
Corollary 7.16, there is a determined condition (¢”, F [ n) < (¢/, F | n) such that
X}];;n = X%‘/[n and ¢ (o,q"” | o) holds for every o € X}Z;m. Let g be ¢” concatenated
with p(n). We claim that (g, F') is determined. Suppose that o does not lie on
(g, F). If o | n does not lie on F | n, then we are done because (¢ [ n, F | n) is
determined. So suppose that o [ n lies on F' [ n. Then ¢ | (o [ n) decides ¢ € p(n)

for every t on level F(n) by construction. Thus, in particular, ¢ | (¢ | n) decides
o(n) € p(n), and hence ¢q | (o [ n) IF o(n) € q(n). O

8. GROWING FINITE ITERATIONS OF K-PERFECT POSETS

In the construction of the poset J(k), at nontrivial successor stages o + 1, we
used the k-many perfect k-trees obtained from a partially generic filter for Q(P, ) <"
to grow the k-perfect poset P, to P,41. What we would like to do now is to find
an appropriate generalization of this construction for growing a finite iteration P,
of k-perfect posets using partially generic filters for (a version of) the associated
fusion poset Q(P,). We will start by showing how to grow a finite iteration of
k-perfect posets in a fully generic forcing extension of V.

Given a finite iteration P,, = Qg * Qq * - - - % Q,,_; of r-perfect posets, we would
like to be able, in a well-chosen forcing extension V[G], to extend it to a finite
iteration Py, = Qf *(@T %o ~*Qj‘b_1 of k-perfect posets with the following properties:

(1) Qo € Qg,

(2) For all 1 <i < n, lp: forces over V[G] that Q; is a k-perfect poset and Qf
extends it.

(3) B C P,

(4) Every maximal antichain A € V' of P,, remains maximal in P},.

(5) Every V[G]-generic filter H* C P} restricts to an V-generic filter H for P,,.

The next theorem (generalizing a construction from [FGK19], which itself general-
ized [Abr84]) holds the main idea for constructing P. The set-up for the theorem
is left intentionally vague with the details forthcoming in the next section.
Suppose that P,, = Qu#Q; *- - -xQ,,_1 is a finite iteration of k-perfect posets. We
assume that we are working in a generic extension V[G] of V by a yet unexplained
forcing notion. We carry out the construction of P}, in n-steps. In the 0-th step, we
extend Qp, and at each step 1 < i < n, we construct a [Pf-name Q;" for a k-perfect
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poset extending Q,;. We extend Qp to Qp, as before, using a carefully chosen V-
generic filter G1 C Q(Qp)<* = Q(P;)<* from V[G]. By Proposition 3.11, every
V[G]-generic filter for Qf (which is, in particular, V[Go]-generic) restricts to a V-
generic filter for Qy, verifying condition (5). So suppose inductively that we already
extended P; to P} satisfying requirements (1)-(5). In V[G], we carefully choose a
V-generic filter G411 € Q(P;41). Let H* C P¥ be V|[G]-generic. By condition (5),
H* restrict to a V-generic filter H for P;. Thus, Q; = (Ql)H = (QZ)H is a k-perfect
poset in V[H| C V[H*]. Let

K ={(p(i)u, F(i)) € QQ;) | (n, F) € Giy1}.

Provided that the poset P} contains a kind of master condition for G, 41, we will

be able to conclude that K is V[H]|-generic for Q(Q;). Let 7(Git+1) be a Pf-name
for a subset of Q(Q;) such that in any forcing extension V[G][H*] by P}, 7(G;y1)
gets interpreted as K.

Theorem 8.1. Suppose that p € P} is such that for every (p, F) € Giy1, p<p | i.
Then

plF7(Git1) is a V[H]—generic filter for Q(Qi)7

where H is the canonical name for the restriction of the generic filter to P;.

Proof. Suppose H* C P} is V[G]-generic with p € H*. Let H be the restriction of
H* to P;. Let Q; = (Q;)y and

K =7(Gir1)u = {(p())n, F(i)) € QQ) | (p, F) € Gita}.
Note that by our assumption on the condition p, it follows that for every (p, F) € G;y1,
plie H. B
First, we argue that K is a filter on Q(Q;). Fix (p, F) € G411, and suppose that
(p() g, F(i)) < (T,a) € Q(Q;). It follows that o < F (i) and p(i)yg N 2% =T N2“.

Fix a P;-name T for T such that
Ip, IF p(i) €T and p(i) N 2% =T N2*
over V. Let _
p=pliU{(T)}and F' = FU{(i,)}.
Clearly, (p, F) < (p/, F'), which means that (p’, F’) € G, because it is a filter. It
follows that p/(i)y =T, and so (T, a) € K.

Next, we fix (p, F') and (p', F’) both in Gy, and argue that (p(i)m, F'(i)) and
(P’ () m, F'(7)) are compatible in K. Since G;y1 is a filter, there is (¢, J) € Giy1
below both (p, F') and (p/, F’). It follows that

J(i) = F(i), F'(i), q I i Fp, q(i) € p(3), p'(3),
q 1 ilFp, q(i) N2F® = p(i) N 2F® and (i) N 280 = p/(i) N 2F @),
and (¢(7) g, J(7)) € K. Since, by our observation above, ¢ [ i € H, we have

q()u € p(@)m,p' () m,
and
(i) N D2 = p(i)g N 27D and q(i)y 07 D2 = p/ (i) N 25O,
So (q(i)m, J (i) < (p(i)m, F(4)), (' (), (i)
Finally, we have to see that K is V[H]-generic. So suppose D € V[H] is dense
open in Q(Q;). Let D € V be a P-name for D such that
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1p, IFp, D is dense open in Q(Q;).

In V, define

E={(p,F)€QPit1)|p il (pQi),F(i)) € D}.
We claim that E is dense open in Q(P;41). It is easy to see that F is open, so let’s
argue that it is dense. Fix some (q,J) € Q(P;+1). By Proposition 7.17, we can
assume, by moving to a stronger condition, that (g,.J) is determined. Since D is
forced to be dense in Q(Q;), there must be some pair of P;-names (T, &) such that
Tis a P;-name for an element of Qi, & is a P;-name for an ordinal, and

qlilF(T,&) € D and (T,d&) < (q(i), J(3)).

The set of conditions which decide the value of & is dense open below ¢ [ ¢ in P;.
So, by Corollary 7.16, there a determined condition (p/, F') < (¢ | 4,J | ) in Q(P;)

such that for every o € X?l/, p’ | o decides that & = a(o). Let o < k be a successor
ordinal above all the a(c). Then

P (T,a) < (T, ) < (i), J(i)) and (T, a) € D.

Let p=p' U{(i,T)} and F = F' U {(i,a)}. Clearly (p,F) € E. Let’s argue that
(p, ) S (g,J). By construction p < g and each a(o) > J(i), so a > J(i). Finally,
P =plilk (T, )< (q(i), (i), and so p [ i I TN 270 = g(i) N 270

Fix some (p, F') € ENG;11, and recall that p [ < € H. Thus,
(p(i)m, F(i)) € DN K,
completing the argument that K is a V[H]-generic filter for Q(Q;). g

Next, we are going to obtain a stronger version of Theorem 8.1 that tells us how
to get a V[H]-generic filter for Q(Q;)<", which is really what we need to extend Q;
to QF in V[G][H*]. For this, we will need to enlarge our fusion poset Q(P;1).

Definition 8.2. Let Q;(P;+1) be the following modification of Q(P;+1). Conditions
in Q(P i+1) are pairs (p, ') such that (p [ 4, F' [ i) € Q(P;), p(i) is some <r-length se-
quence {T¢ | € < B} with p [ ilF T € Q; for all € < B, and F(i) = f : § — succ(k).
The ordering is (p/, F') < (p, F') whenever

1) P14, F 149 <(pliF|i),and

for £ < 3,
() 0 > FO)E), |
(3) ' Tilkp/(1)(€) N 27O = p(i)(§) N 2F©).

An argument as in the proof of Proposition 7.3 verifies that Q(PP;; 1) is <s-closed.

Let us now use the same set-up as that preceding Theorem 8.1, but use instead a
carefully chosen V-generic filter G;1; C Q(P;41) from V[G]. Let K be the collection
of all

{(Te)m, £(8)) | & < B}

such that (p, F) € Giy1 with p(i) = {T¢ | € < B} and F(i) = f. Let 7(Gi11) be a
P*-name for a subset of Q(Q;)<" such that in any forcing extension V[H*] by P*
7(Giy1) gets interpreted as K.

Theorem 8.3. Suppose p € P} is such that for every (p,F) € Giy1, p < p | i
Then

Pk 7(Giy1) is an V[H]—genem’c filter for Q(Qi)<",
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where H is the canonical name for the restriction of the generic filter to P;.

The proof is essentially the same as of Theorem 8.1.

Using Theorem 8.3, we can let Q% be the canonical P-name for the extension of
Q; formed in V[H][7(G{41)], where H is the restriction of the generic filter to P;.
In the next section, we will show how to obtain the required V-generic filter G so
that the inductive assumptions hold for P}.

9. TREE ITERATIONS OF K-PERFECT POSETS

In this section, we will introduce the notion of a tree iteration of k-perfect posets
along some tree 7.

Definition 9.1. An w-iteration of k-perfect posets is a sequence
P=(P,|n<uw),

where Py = {0} is a trivial poset and each P,, for n > 1, is a finite iteration of
k-perfect posets with the coherence requirement that for 0 < m < n, P, | m =P,,.

The initial poset Py is included in the sequence to make the subsequent defini-
tions more uniform. For this reason, we will also make the ad hoc definition that
Q(Pg) = {0}. Note that an w-iteration of x-perfect posets is not a forcing iteration
or even a poset, it is simply a coherent sequence of finite iterations.

A tree iteration is a non-linear forcing iteration along some tree. Given a
tree of height w, the tree iteration of k-perfect posets will use an w-iteration
P = (P, | n < w) of k-perfect posets with conditions assigned to nodes of the tree
on level n coming from the poset P,. Conditions will be assigned to the nodes
coherently so that if a node s on level n > m extends a node t on level m, then the
condition p on node s will be such that p [ m is on node ¢. Given a tree .7 and a
node s € .7, we will denote by lev(s) the level of s in 7.

Definition 9.2. Let P = (P, | n < w) be an w-iteration of k-perfect posets and let
T be a tree of height w. A J -iteration of k-perfect posets is the following partial
order P(P, 7). Conditions in P(P, ) are functions fx whose domain is a subtree
X of T of size less than x such that:

(1) For every node s on level n of X, fx(s) € Py,.

(2) Whenever s <t are two nodes in X, then fx(t) [ lev(s) = fx(s).

The ordering is defined to be fy < fx whenever Y extends X and for every node
s € X, fy(s) < fx(s).

Note that since 7 has height w and the trees X are only required to have size less
than x, they can potentially have height w. So the trees X can be tall, but not
wide.

The analogue of the fusion posets Q(P) and Q(P,,) for P(P,.7) will be the fusion
poset Q(P, 7).

Definition 9.3. Conditions in the fusion poset Q(P,.7) are functions fx whose
domain is a subtree X of 7 of size less than k such that:

(1) For every node s on level n of X, fx(s) € Q(P,).

(2) Whenever s < t are two nodes in X, with fx(s) = (ps, Fs) and fx (t) = (pt, Fy),

then p; [ lev(s) = ps and Fy [ lev(s) = F5.
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The ordering is defined to be fy < fx whenever Y extends X and for every node
seX, fy(s) < fx(s).

Proposition 9.4. The posets P(P,.7) and Q(P, 7) are <x-closed.

Proof. We will give the argument for P(IP,.7) because the argument for Q(P, 7)
is analogous. Suppose that { f)((i)
of conditions in P(P, 7). Let X = Ug<p X¢, and observe that X is a tree of size

less than x. We will build a condition fx below all the f)((i) for £ < 8. We start by

| £ < B}, with 8 < k, is a descending sequence

building level 1 of fx. Fix a node s on level 1 of X. Since the conditions f)((i)(s)
with s € X¢ form a descending sequence in Py, we can let

fx(s)= () £
S€X§
Next, let’s build level 2 of fx. Fix a node s on level 2 of X. First, observe that
since fx(s)(0) < f)((i)(s)(()) whenever s € X¢, fx(s)(0) forces that the conditions

f)((i)(s)(l) with s € X¢ form a descending sequence. Thus, we can let fx(s)(1) be

a [P1-name for the intersection of the f)((i)(s)(l) with s € X¢. Continuing in this
manner, we can build the entire condition fx in w-many steps. O

We will call the lower bound constructed as in the proof of Proposition 9.4 is a
greatest lower bound of the sequence. Note that, as was the case with the iterations
P,,, a greatest lower bound is not unique, but any two greatest lower bounds fx and
f% have the property that fx < f% and f% < fx, so for the purposes of forcing
we can basically assume uniqueness.
We shall say that a condition fy < fx trivially extends a condition fx if
(1) for s € X, fy(s) = fx(s),
(2) for s e Y\ X, if i > 0 is largest such that s [ i € X, then fy(s) is fx (s | 9)
concatenated with a trivial tail.

Essentially, a trivial extension of a condition extends the domain without adding
any extra information about what is happening on the larger domain. We make an
analogous definition for Q(P, 7).

Proposition 9.5. Suppose G C P(P,.7) is V-generic and fx € G. If fy trivially
extends fx, then fy € G. An analogous statement holds for Q(]fﬁ7 T).

Proof. Let fy trivially extend fx. It suffices to show that fy is compatible with
every condition in G. So fix gz € G. Let hyy < fx,gz. Let W = W UY and
let Ay be the trivial extension of Ay to W. Clearly, hy < fy,gz. The proof for
Q(P, 7) is analogous. O

Proposition 9.6. Suppose fx € P(ﬁ, ), fx(s) =p, and g < p. Then there is a
condition gx < fx in P(P,7) with gx(s) = q. An analogous statement holds for
P, 7).

Proof. Define gx as follows. Fix anode t € X. If t < s, then let gx (t) = ¢ | lev(t).
If s < t, then let gx (t) be ¢ concatenated with the tail of fx(t). Otherwise, let ¢’
be the highest node that is compatible with both ¢ and s. Let gx (¢) be ¢ [ lev(¥)
concatenated with the tail of fx (t). The proof for Q(P,.7) is analogous. O
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Proposition 9.7. Suppose G C ]P’(]i T) is V-generic. Then for every node s on
leveln of 7, Gs = {fx(s) | fx € G} is V-generic for P,. An analogous statement
holds for Q(P,.7).

Proof. Fix a node s on level n of .7. Suppose that p € G, and p < q. Let fx € G
be such that fx(s) = p. Define a condition gx as follows. First, gx(s) = ¢. If
t <s, then gx(t) = ¢q [ lev(s). If t > s, then gx(t) is ¢ concatenated with a
trivial tail. Otherwise, let ¢ be the highest node that is compatible with both ¢
and s, and set gx(t) to be ¢ | lev(t') concatenated with a trivial tail. Clearly,
gx > [x. Thus, gx € G, and hence q € G,. Next, suppose that p,q € G,. Let
fx € G with fx(s) = p and gy € G with gy(s) = ¢. Then there is hz € G such
that hy < fx,gy. It follows that hz(s) € G and hz(s) < p,q. Finally, fix a
maximal antichain A of P,,. Let X, be the stem in .7 ending in s. Consider the
collection of conditions f% , for a € A, defined by f% (s) = a. It suffices to see
that the conditions f% form a maximal antichain in ]P’(]fﬁ, ). So fix any condition
fx € P(B, 7). If X N X, = {0}, then clearly fx is compatible with any condition
I%.- So suppose that 0 #£te XNX,, and t is on the highest level with this
property. Extend fx(t) by adding a trivial tail, if necessary, to a get a condition
p € P,. Since A is maximal in P, some a € A is compatible with p. Let ¢ < p, a.
By Proposition 9.6, there is a condition gx < fx such that gx(t) = ¢ [ lev(t). Let
X’ be X together with nodes from ¢ to s (if any) and let gx+ extend the condition
gx such that gx/(s) = g. Clearly, gx < gx and gx' < f%_ as well. O

Let us call a condition fx € Q(P,.7) determined if for every s € X, fx(s) is
determined.

Proposition 9.8. The set of all determined conditions is dense in Q(ﬁ, T).

Proof. Fix fx € Q(P,7), and for every node s € X, let fx(s) = (ps, Fs). We
will construct a determined condition gx < fx by taking a greatest lower bound
of a descending sequence of conditions gg?) for 2 < n < w such that gg?) < fx has
determined conditions on all nodes on levels <n.

Enumerate the nodes on level 2 of X as {s¢ | £ < f2} for some fr < k.
Let (p2, Fs,) < (pso> Fs,) be any determined condition, which exists by Propo-
sition 7.17. If s | 1 # s1 | 1, then we let (p! ,Fs,) < (ps,,Fs,) be any deter-
mined condition. Otherwise, so [ 1 = s1 [ 1 (and hence ps, [ 1 = ps, [ 1). Let
ph, = (02,,ps,(1)) < ps,, and let (pi,, Fs,) < (), Fs,) be any determined con-
dition. Now more generally, suppose inductively that for some n < (B, we have
chosen, for every ¢ < 7, determined conditions (p$ £7F,;g) < (pse, Flse) such that if
for & < & < m, sg, |1 =8¢, | 1, then p§§2 I'1< pgél I 1. First, we define a
condition gs, < ps, [ 1 as follows. If there is no £ < n such that s¢ [ 1 = s, [ 1,
then g5, = ps, [ 1. Otherwise, let g, be below the descending sequence of condi-
tions pﬁg ['1for & < nsuch that s¢ [ 1 =s, [ 1. Let p, = (¢s,.ps,(1)), and let
(pl . Fy) < (95, Fs,) be any determined condition. Next, let s = s, be any node
on level 2 of X. We will define the corresponding condition p; < ps as follows.
Let p%(0) be the intersection of all conditions pgg (0) with s¢ | 1 = s [ 1 and let
ps(1) = pl (1). Observe that by Proposition 7.8, the condition (p, F;) is deter-

mined. Let gg) be the condition, where we start with fx and for every node s on
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level 2 of X, we replace (ps, Fy) with (p%, Fy), and change the conditions on the
other levels in the obvious ways to maintain coherence.
Suppose inductively that we have defined a descending sequence of conditions

ggg) for 2 < j < n such that all conditions on level j of ggg) are determined, and for

every node s € X, we still have gg)(s)(l) = F;. For anode s € X and j < n, let
95 (5) = (P, Fo)-

Enumerate the nodes on level n+1 of X as {s¢ | £ < fn41} for some f,41 < k.
Let (p(()n’SO)7 Fs) < (P(n,s0)s Fsy) be any determined condition. Suppose inductively
that for some 1 < B,4+1, we have chosen, for every ¢ < 1, determined conditions
(pfn,Sg)vFSs) < (P(n,se)» Flse) such that if for §; < & < 7, thereis 1 < k < n

such that se, | k = se, | k, then we have pffl’sgz) [k < p%;hsgl) | k. First we
define a condition gs, < p(ns,) | n as follows. If there is no £ < n such that
s¢ [ 1=s, [ 1, then g5, = p(ns,) [ n. Otherwise, let gs, (0) be the intersection of
all pfn’sf)(O), for £ < n, with s, [ 1 = s¢ | 1. Suppose inductively that we have
defined gs, [ m for some m < n such that if for some £ < 7, there is k& < m such
that s¢ [ k = s, [ k, then g5, [ k < pfnysg) [ k. If there is no & < n such that
s¢e [ m+1=s,; [ m+1, then we let g5, be g5, | m concatenated with the tail
of P(n,s,) | n. Otherwise, let g, (m) be a name for the intersection of all p%msE)(m)
with s¢ [ m+1=s, [ m+1. Let p?n,sm be g;, concatenated with p(, s, )(n), and let
(p?n’sn),an) < (p’(n)sn),an) be any determined condition. Next, let s = s, be any
node on level n+ 1 of X. We will define the corresponding condition pZ‘n’S) < Din,s)

as follows. Let pf,, ,(0) be the intersection of the pfn 55)(0) over all £ < 41 with
s¢ ' 1 = s | 1. Suppose inductively that we have defined pi“n on) [ m for some
m < n such that if for some £ < 8,41, there is & < m such that s¢ [ k = s | £,

then p’(“nvs) Ik < Pﬁn,sg [ k. Then we can let p (m) be the name for the

(n’s)

intersection of all pfnysf)(m), for £ < Bny1, with s¢ [ m+1 = s [ m+ 1. Finally,
let pf,, o (n) = p?n s,,)(”)' By Proposition 7.8, the condition (p%, Fs) is determined.

Let gg?ﬂ) be the condition, where we start with gE?) and for every node s on level

n of X, we replace (p(n,s), Fs) with (p’(*n 5 F,), and change the conditions on the
other levels to maintain coherence.
Now, let gx be a greatest lower bound of the descending sequence

(n)

{9x | n <w}.

By Proposition 7.8, for every node s € X, gx(s) is determined. a

We will apply the construction of the above proof repeatedly in the next section
whenever we have a condition fx in a poset P(P,7) (or Q(P,.7)) and we would
like to strengthen it by strengthening all the conditions fx(s) to satisfy some dense
property of the posets P, (or Q(P,,)). We will carry out the construction by building

a descending sequence of conditions gg?), where all nodes on level n of X have the

required dense property. The condition ng?) will be built by strengthening the nodes
on level n coherently to maintain the tree structure.
We will initially consider tree iterations along the tree £k<%, and then later extend

our results to tree iterations along the tree (k+)<“.
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It is casy to see that the poset Q(Qg)<* completely embeds into Q(P, x<%) via
the map sending a condition to the corresponding tree of height < 2.

Proposition 9.9. The poset Q(Qo)<"* completely embeds into (@(13, K<“) via the
following map ¢:
(1) ¢(lgqyy<=) = fx, where X consists of the root node s and fx(s) = 0.

For p # lg@o)<~,
(2) @(p) = fx, where X consists of the root node together with nodes (£) for

p(§) # N, such that fx((€)) = p(§)-

More generally, for each node s on level n of K<, Q(PP,;1) completely embeds
into Q(P, k<“) via the map sending a condition to the corresponding tree of height
< n + 2 whose stem stretches up to s.

Proposition 9.10. Fiz a node s on level n of k<. The poset Q(P, 1) completely
embeds into Q(P, k<) via the following map @s:
(1) ws(Mgee, 1)) = fx, where X is the branch ending in s, such that fx(s) =
loe,)-
For (pa F) 7é ]IQ(IP’,L+1)7
(2) os((p, F)) = fx, where X consists of the branch ending in s together with
nodes (s~&) for non-trivial (p(n) (), F(n)(£)), such that fx(s) = (p [ n, F | n)
and

fx(s78) = (p [ n"p(n) (&), F I n” F(n)(£))-

Suppose G C Q(ﬁ, k<%) is V-generic and fix some node s on level n of k<*. We
will use the notation Gy for the V-generic filter for @(IP’”H) added by G via the
embedding s and we will use the notation Gy for the V-generic filter for Q(Q)<"
added by G via the embedding .

10. GROWING FINITE ITERATIONS OF K-PERFECT POSETS: PART II

Suppose that P = (P, | n < w) is an w-iteration of k-perfect posets. Let
G C Q(ﬁ, k<“) be V-generic. For the remainder of the section we will work in
VI[G].

We will argue that we can grow each iteration IP,, to an iteration P}, of k-perfect
posets satisfying requirements (1)-(5) from Section 8:

(1) Qo € Qp,
) Forall1 <i<n, Ip+ forces that (@, is a k-perfect poset and Q* extends it.
) P, CPr.

) Every maxnnal antichain A € V of P,, remains maximal in P}.

) Every V|[G]-generic filter H* C P} restricts to a V-generic filter H for P,,.

It is straightforward to extend @y to Q. By Proposition 9.9, G adds a V-generic
filter G for Q(Qp)<". Let 7;0 for £ < k be the generic perfect r-trees added by Gy
and construct Qf as in Section 3. Thus, Qf is a k-perfect poset in V[Gy]. Since
V<t C V in V[G], it follows that V[Gy]<* C V[Gy| in V[G] by Proposition 4.3.
Thus, Qf is a x-perfect poset in V[G]. Recall that {TO | £ < Kk} is a maximal
antichain in Qf and every maximal antichain A € V of Qg remains maximal in
Qg. Since a V[G]-generic filter H* for Qf is, in particular, V[Ggl-generic for Qf,
by Proposition 3.11, H* restricts to a V-generic filter for Q.

2

(

(3
(4
(5
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Now let’s show how to extend Q; to a Pj-name Q’{ for a k-perfect poset. By
Proposition 9.10, for each node s on level 1 of the tree k<%, G adds a V-generic
filter G, for Q(P;). Observe that each TO < p [ 1for all p with (p, F) € Gg.
Thus, by Theorem 8.3, whenever H* C ]P’T is a V[G]-generic filter containing 7,
then the interpretation 7(G ¢))x is a V[H]-generic filter for Q((Q1))<*, where H
is the restriction of H* to P;. Let 7 be a mixed Pj-name that is interpreted as
7(G(¢y) u, whenever T{O € H*. Since the conditions ’7'50 form a maximal antichain
in P7,

Tps I 7 is an V [H]-generic filter for Q(Q1)<",
where H is the canonical name for the restriction of the generlc filter to Py. So let
Ql be a Pj-name for the k- perfect poset constructed from Q; and 7 as in Section 3.
This argument gives that Q% is forced to be a s-perfect poset in V[H][r], and we
again use a closure argument together with Proposition 3.11 to conclude that it is
forced to be a k-perfect poset in any Pj-extension of VI[G].

For each 1 < k, we can choose a Pj-name 7;1 for the perfect x-tree on coordinate
n of 7. The pairs (T2, 7771) for £,n < k form a maximal antichain in P4 because the
collection of 720 is a maximal antichain and each Tgo forces that the trees T,}, for
1 < Kk, form a maximal antichain in Q’{ Also, clearly for every (p, F) € G¢ ), we
have ('T Tl) p | 2. This will allow us to apply Theorem 8.3 to grow Q, to Q.
Finally, let’s argue that Py is actually a subset of P5. Suppose p is a condition in
P;. Then p(0) € Py, and hence p(0) € P; as well. Also, clearly p(1) is a Pj-name.
So we need to argue that p(0) IFpx p(1) € Q. Fix a V[G]-generic filter H* C P}
with p(0) € H*, and consider the extension V[H]|, where H is the restriction of H*
to P;. Since p(0) IFg, p(1) € Qy, in V[H], we have p(1)g € (Q1)x C (Q})m-. Tt
remains to show that conditions (4) and (5) hold. We will provide an inductive
proof of this later in Theorem 10.1.

To get some intuition for the construction, let’s fix a V[G]-generic filter H* C P}
and see what a condition 7, = (7771)H* looks like. Since {7 | £ < s} is a maximal
antichain of Py, there is a unique £ such that 7'5O € H*. Let

K ={(pM)nu,F1)) | fx € Gand fx((&m) = (p. F)}.

Then 7, is the union of TN 2% for (T,a) € K.
For now to finish the construction, we assume that properties (1)-(5) hold for
P;. We will additionally assume that:

(1) For each node s on level n of k<% there is a condition
(7—0(0 1),-~-77;T(l;,11)) ep,

which is below all p [ n with (p, F) € Gs.
(2) The collection of all such conditions (7;(20), 7:1(1), e 7;?7;11)) is a maximal
antichain in Pj.
With this set-up, we extend Q, to Q:‘L identically to the case n = 1 above, using
Theorem 8.3. It is also easy to see inductively that P, is a subset of P;.
To give the promised argument for conditions (4) and (5), we first need to define
the analogue of U C P* from Section 2 for IP}. For n =1, let Uy = U. For n > 1,
let U,, be the collection of all conditions p = (qo, - .., ¢n—1) such that

(1) there are § < x and to € 2<% such that po = (75 )¢,

0
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(2) foralll <i < n,thereare&; < kand t; € 2<% such that p [ i Ik ¢; = (Tgl)tl
We will abuse notation by writing conditions in U,, as

p= (T o (T8 Dt

Given o : m — 2<% and 7 : n — 2<%, we will say that o extends 7 if for every
0 <i<n,lev(o(i)) > lev(r(i)) and o(i) | lev(i) = 7(¢). Suppose that X C k<%
is a tree. We will say that a collection S = {0, | s € X} of 05 : n — 2<% for s on
level n of X is coherent if whenever s < ¢ are nodes in X, then oy [ lev(s) = oy.
Given coherent collections S = {os | s € X}, T = {75 | s € X}, we will say that S
extends T if for every s € X, o4 extends 5.

Theorem 10.1.
(1) U, is dense in PX.
(2) Ewery maximal antichain of P, from V remains maximal in P%.
(3) Ewery V[G]-generic filter H* C P¥ restricts to a V-generic filter H for P,,.

Proof. We can suppose inductively that (1), (2), and (3) hold for some n because
we already showed that these conditions hold for n = 1.

First, we prove (1). Fix p € P}, ;. By construction, there is ¢ < p [ n such that
for some &, < k and t, € 2<%,

q = (T, € p(n).

By the inductive assumption, there is some condition ((7—5?])%, cee (72":1)%71) <gq.
Thus, ) .
((E%)tov AR (Tn_l)tnfu (7?;)%) <Dp.

n—1
Next, let’s prove (2). Let A € V be a maximal antichain of P, 1. By (1), it
suffices to show that every element ((7g))to, - -, (7" )t,) € Upsa is compatible with
A. Let s = (£0,&1,...,&,) and let 0 = (to,t1,...,L,).

Let fx € Q(ﬁ,n“’). By strengthening fx, if necessary, we can assume that
s€ X. Let fx(s) = (p, F). By strengthening fx, if necessary, we can assume that
for all 0 < ¢ < n+1, F(i) > lev(t;). Finally, by strengthening fx, if necessary,
we can assume that fx is determined. If (p, F') does not have a & lying on it that
extends o, then we let fx = fx. So suppose that there is some such . Since A
is maximal in P, 11, there is a € A compatible with p | 5. So we can choose some
r < p | &,a. By Proposition 7.14, there is a condition (p, F) < (p,F) such that
p | @ =r < a. By Proposition 9.6 (2), there is a condition fx < fx such that
Fx(s) = (p, F). Since conditions fx are dense in Q(P,x<*), some such condition
fx € G. Since o lies on (72?), cee '7?:1) and (p, F') is determined, it follows that there
must be some & lying on (p, F') extending o. Thus, we are in the second case, and
so fx(s)| & < a for some a € A. Thus, ((72?))5(0), e (’Tg”)&(n)) <a.

Finally, let’s prove (3). Suppose that H* C P} | is V[G]-generic. We have that
VIG|[H*] = V[G][K*][k*], where

(1) K*={p | n|pe H*} is V|G]-generic for P,
(2) k* ={p(n)k~ | p € H*} is V|G][K*]-generic for Q} = (Q})x~.
By the inductive assumption, K* restricts to a V-generic filter K for P,. Let
Qn = (Qu)x. Then QF is constructed in V[K][G], where G is the V[K]-generic
filter for Q(Q,,)<" constructed as above in V[G][K*]. Thus, k* restricts to a V[K]-
generic filter & for Q,.
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Let H be the restriction of H* to P,,41. Since every maximal antichain of P, 11
from V remains maximal in Py, ;, it remains to check that H is a filter. Clearly,
H is upward closed. So suppose that p,q € H. Then p | n,q [ n € K and
p(n)k,q(n)k € k. Thus, there is a condition u € k such that v < p(n)k,q(n)k.
Let % be a P,-name such that ©txg = u, and let » < p [ n,q [ n be a condition in
K forcing that @ < p(n),q(n). Let r = r* | n with * € H*. Also, since u € k,
there must be a condition a € H* such that a(n)g+ = u. Thus, there is a condition
b € K* forcing that & = a(n). Let b = b* | n with b* € H*. Let ¢ < r*,a,b* be
in H*. Let’s argue that ¢ < r" 4. We have ¢ [ n < r by construction. We have
¢ | n < b, which means that ¢ | n I- 4 = a(n). Also, we have ¢ < a, which means
¢ nlken) <a(n). Thus, ¢ [ n Ik ¢(n) < 4. Thus, v 4 € H*, and also, by
construction, " u < p, q. O

Let
P =(P; | n<w)
be the w-iteration made up of the extended iterations ;. Let U be the subset
of P(P*,k<%) consisting of conditions fx such that for all s € X on level n,

fx(s) € U,.

Proposition 10.2. U is dense in P(P* k<%).

Proof. Let fx € P(P*,k<%). For every node s on level 1 of X, let
(T2, < Fx(5)

Let gg(l) < fx be the condition we get by replacing fx(s) with (722)%1 for every
node s level 1 of X, and changing the conditions on the upper levels to maintain
coherence.

Next, we enumerate the nodes on level 2 of X as {s, | n < 8} for some 5 < k.
We can clearly choose a condition

((7;%0F1)t87 (7-51;0 )t(ll) < gg) (50)

with 3 > tf)f’lrl. Suppose inductively that for some n < v < 3, we have chosen
conditions

(T2 )i (Thadeg) < 9 (s0)

such that for 71 < no < v, if s, [ 1= sy, [ 1, then tJ> > ¢'. Let
. 1
(T2 (T i) < g% (s0)

be such that ¢§ > tgj’lrl is above all ¢J with s, [ 1 =s, | 1 (if any exist).
For every node s on level 1 of X, let 7, be above all tg with s = s, [ 1, and
note that t§, > t§ . For every node s = s, on level 2 of X, let ¢, = t. Let

g2 < g'¥ be the condition we get by replacing gk (s) with ((7;%[1)%51, (7211)t§ ,)
s , :
for every node s on level 2 of X, and changing the conditions on the other levels to
maintain coherence.
We proceed as in the proof of Proposition 9.8 to construct a descending sequence

of conditions gg?) for 1 < n < w such that for every node s on level n of gg?),

ggg) (s) € U,. When doing this argument for higher levels, we make use of the fact
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that U, is dense in P, to obtain the desired conditions. For every node s on level
n of X and i < n, let {7 be above all ¢ |, for n < m < w, and let

9x(8) = (T)ez-- - (TE Des )

Clearly, gx € U is below fx.
O

Lemma 10.3. Every mazimal antichain of ]P’(ﬁ, K<¥) from V remains mazimal in
P(P*, k<%).

Proof. Let A be a maximal antichain of P(ﬁ, Kk<¢) from V. By Proposition 10.2,
it suffices to show that every element of U is compatible with A. Fix f% € U, and
for a node s on level n of X, let

Fi(8) = (T (T2 ).
For every node s € X of length n < w, let

s = (tgs-- - to_1)
and let

s= <€87 te ’5;9171>'
Observe that if s [ ¢ =1¢ [ i forsome 1 <i<n,thens|i=¢]iand o, | i =0y | 1.
First, we are going to thin out the condition f% to a condition gx having the
property that if 4 is such that s [ ¢ =¢ | 4 and s(i) # (i), then either 5(z) # () or
os(i) and o4(i) are incompatible nodes. The condition gx is constructed essentially
as in the proof of Proposition 10.2 by working with the levels of X successively.

Fix some £ = & for a node r on level 1 of X. Let a¢ be a large enough level of

7'50 such that for every node s on level 1 of X with {5 = &, there is a node #j ; on

level a¢ above tf so that if s; # sg, then téfl #* tgfl. Repeat this for every £ = &

for some node s on level 1 of X. Let gg) < f% be the condition we get by replacing

fx(s) with (Tg;)s , for every node s on level 1 of X, and changing the conditions
on the other levels to maintain coherence.

Next, we define the condition gg) < g;) by modifying conditions on nodes on
level 2 of X. Let {5, | n < p}, with p < &, be an enumeration of all sequences 5 for

s anode on level 2 of X. Consider 5o = (£;°,£7°). Let
ap = &%, to = ty%, and By = &;°.

Let G C Py be a V-generic filter with (77))i, € G and let T3 = (7-510)G- In V]G],
choose a large enough level 7 of 7‘510 such that for every node s on level 2 of X
with 5 = (ao, Bo) and £j ; = to, there a node t{ 5 > #{ on level g so that if s1 # s,
then 7'y # t7%. Let tf > to be a node such that (7)) forces the above statement
about level 5. More generally, given 5,, we let oy, = 58"7 iy = té?l, and 3, = f’
Suppose inductively that for some v < p, we have chosen for every n < v a level v,
and a node t} > ¢, such that (Tc?,,,)t;‘, forces that on level v,, for every node s with
5 = (ay, By) there is a node t] , > t] so that if s1 # sq, then 17}y # t7%. We will
assume that the choices so far satisfy that if 71 < 172 < v are such that o), = ay,
and t,, = t,,, then t; >t . We choose a node t; > t, above all t; with n < v
such that o, = v, and t,, = ¢, (if any exist) and a level 7, as above. Now let s be
any node on level 1 of X. Let ¢§ 5 be above all ¢} with §§ = a,; and ¢, = €5 ;. Let



42 SY-DAVID FRIEDMAN AND VICTORIA GITMAN

(1)

gg?) < gg) be the condition we get by replacing gy’ (s) with ((E%)t“l’ (7219%1 ,) for
0,2 )

every node s on level 2 of X, and changing the other nodes to maintain coherence.

We proceed in this fashion to construct a descending sequence of conditions gg?)
for 1 < n < w such that all nodes on level n of X have the required disjointness
property. When doing this argument for higher levels, we make use of the fact that
U, is dense in P,, to obtain the desired conditions. For every node s on level n of

X and ¢ <n, let t7* be above all ¢;,, for n <m < w, and let

9x(8) = (TQ)eges- -+, (TE Dz ,)-
Clearly, the condition gx has the required disjointness property. Thus, by thinning
out f%, we can assume without loss of generality that f% already has the required
disjointness property, which we will from now refer to as the incompatibility require-
ment.

Observe that even though the condition f% is not an element of V', the following
are all in V' by closure.

(1) X,
(2) {os|s€ X},
(3) {5]se X).

Fix gy € Q(P,x<¥) and let gy (s) = (ps, Fs). By strengthening gy, if necessary,
we can assume that § € Y for every s € X, gy is determined, and for every s € X
on level n, for every 0 < i < n, F5(i) > lev(o,(7)). If there is no coherent collection
{0s | s € X} extending {os | s € X} such that for every s € X, 7 lies on
gy (3), then we let gy = gy. So suppose that there is such a coherent collection
{7s | s € X}. Define a condition fx by fx(s) = ps | s, and observe that it is
a valid condition in P(ﬁ, k<¢) since (1) for s,t € X, whenever s | i =t | i, then
§li=t]1i, and (2) {7s|s € X} is a coherent collection. Since A is maximal in
P(ﬁ, Kk<%), there is a condition ax: € A compatible with fx. Let bg be a condition
such that bp < fx,ax’.

Let X = {5 | s € X}, and observe that it is a tree. Thus, gg, the restriction
of gy to X, is a valid condition in ]P’(ﬁ, x<%). Fix a node 5 € X of length n. We
are going to define an X%i—assignment s with ps(0) < ps | o for every o € Xf,
Fix o0 € X77. Let i be largest such that there is some node t € X with t =5 | 7/,
for some ¢ < i/ < n, such that ¢ | ¢ = &; | <. Fix one such node ¢, and define
ws(0) = bp(t) | i concatenated with the tail of ps | o after i. We need to argue that
this definition does not depend on our choice of the node t. Suppose that there are
nodes t1,t2 € X as above such that o4, [ i = 4, [ . Then, by the incompatibility
requirement, t1 | 4 = to | ¢, which means that bp(t;) | ¢ = bp(t2) [ 4. This verifies
that s is well-defined. Next, let’s check that ¢z is an Xfés; -assignment. Suppose
for some o, 7 € Xf} that o [ j = 7 | j for some 5 > 0. If there is no ¢ > 0 such
that o | i = &, | i for some £ = 5 | i/ with i/ > 4, then ¢3(6) = ps | o and
ws(T) = ps | 7. Thus, ws(0) [ j = @s(7) | j. So fix the largest ¢ > 0 such that
for some node t € X, witht =5 [4 and ¢/ >4, ¢ | i = &¢ | 4, and fix some such
node t. Thus, ps(0) = bp(t) | i concatenated with the tail of ps | o. If i < j, then
ps(7) = bp(t) | i concatenated with the tail of ps | 7, and so ¢s(0) | j = ws(7) | J-
So assume that ¢ > j. Let k > j be largest such that there is r € X with 7 =5 [ "
and 7 [ k = &, | k, and fix some such r. Then 7. [ j =0 [ j = ¢ | j. It follows,
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by the incompatibility requirement, that ¢ [ j = r [ j. Thus bg(t) [ 7 = bg(r) [ 4,
from which it follows that ps(o) | j = ¢s(7) | j. Repeat this for every node 5 € X.

Let g be defined by gg(5) = (p, F5), where p. is the amalgamation of the
Xpi-assignment 5. Let’s argue that gy is a valid condition in P(P,x<%). Tt follows
directly from the definition of the assignments ¢z that @z(0 [ i) = ¢s(o) | ¢ for
every node 5 € X of length n and i < n. Thus, by Proposition 7.10, it follows that
ps [ i =pgy,. Clearly, gz < gg. So finally, we extend gg to the tree Y to obtain
the condition gy so that gy < gy.

Since conditions gy are dense in P(ﬁ, k<“), some such condition gy € G. Since
os lies on ((Eo)tg,...,(’jgj)tfkl) for every s € X, it follows using that gy is
determined, that there must have been a coherent system {75 | s € X} extending
{os | s € X} such that 7, lies on gy (5). It follows that gy (5) | ; < ax/(t) for
every t = 5. Thus, for every s € X, fx(s) < ax/(s). Let bx: be the condition such
that by, [ X = f% and for a node s € X'\ X, bx/(s) = fx(s | i) concatenated
with the tail of ax/(s) after ¢, where i is the largest such that s [ i € X. Clearly,
bx' < fx,ax.

(]

Proposition 10.4. Every V[G]-generic filter H* for ]P’(}S*, K<¥) restricts to a V-
generic filter H for ]P’(ﬁ, K<),

Proof. By Lemma 10.3, H meets every maximal antichain of IP’(IS,/{Q”) from V.
Thus, it suffices to argue that H is a filter. Clearly, H is upward closed. So suppose
that fx,gy € H. Let Z = X UY. Then by Proposition 9.5, we can trivially extend
fx and gy to domain Z, and the resulting conditions will be in H. Thus, for
simplicity, we can assume to begin with that we have conditions fx,gx € H,
namely that the two conditions have the same domain. Let X,, be the restriction
of X to the first n levels.

For every node s on level n of k<%, let H consist of conditions ky (s) for ky € H*.
Then H} is a V[G]-generic filter for P} by Proposition 9.7. Let H, be the restriction
of HY to P, which is V-generic by Theorem 10.1 (3). For every node s € X7, let
ps € Hg be below fx(s),gx(s). Define fx, by fx,(s) = ps. Let’s argue that
fx, € H*. Tt suffices to argue that it is compatible with every condition in H*. So
fix hy € H*, and suppose that hy is not compatible with fx,. First, suppose that
hy (s) is compatible with fx,(s) for every node s € X;. For every node s € X,
let 7y < hy(s), fx,(s). Let Z= X; UY, and let hy be the following condition. If
s € Z,but 5(0) ¢ Xy, then hz(s) = hy(s). So suppose that s(0) € X1. Then hz(s)
is r4(0) concatenated with the tail of hy(s). Clearly, hz < hy, fx,. Thus, there
must be some node s € X such that hy (s) is not compatible with fx, (s), but this
is impossible since there must be a condition A, € H* with h’,(s) = fx, (s). Thus,
fx, € H*. By Proposition 9.5, the condition f)((l) trivially extending fx, is in H*.

Next, we enumerate Xy = {s¢ | { < B} with § < k. We start by considering sg.
Let p,, be any condition in H,, below fx (s0),9x(S0), fx, (s0). Suppose inductively
that we have chosen conditions pgg € H,, for £ <n < 8 so that for all §& <& <
if s¢; |1 =s¢, |1, then p;51 1< p’s52 [ 1. Let p be any condition Hy, below
fx(sn), 9x(sy), fx,(sy). In particular, we have p{ (0) € Hs, 1. Recall that since
P, is <k-closed, each V-generic filter Hg, for s € X7, is also <k-closed. Thus, we
can choose a condition ¢, € Hy, 1 below p's’n (0) and below all p’SE ['1 with &€ <n
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and s¢ [ 1=s, [ 1. Let p;n = (q,,,p;’n(l))7 and observe that p;n € H,, because it is
compatible with every condition in it. Fix a node s € X5. Let ¢ be any condition in
Hgpp below all ge with s [ 1 =s [ 1. Let ps = (¢, p}(1)), and observe that p, € Hy
because it is compatible with all conditions in it. Let fx, be the condition with
fx,(s) = ps for every s € X5. By the same argument as above, we have fx, € H*.
Let f)(?) € H* trivially extend fx,. Clearly, )((2) < f)((l).
Proceeding in this fashion, we construct a descending sequence of conditions
)((n) € H*. Let fx be a greatest lower bound of the f)((n). Since P(P*, k<%) is
<k-closed, the generic H* is also <k-closed. Thus, there some condition fy, € H*
below the descending sequence of the f)((n). But then f{ < fx, and hence fx € H*.
Thus, fx € H, and clearly fx < fx,gx- [l

11. AN w-ITERATION OF J(k)

In this section, we will construct in L an w-iteration PX%) = (J(k), | n < w)
of k-perfect forcing notions such that the finite iterations J(x), will have unique
generics and the xkT-cc. The construction will take x™-many steps and will use a
O+ (Cof (k))-sequence. Let D = {D, | o € Cof(k)} be the canonical .+ (Cof(k))-
sequence from Section 6. As in the construction of the poset J(k), at successor
stages, as dictated by 5, we will force over k-suitable models to grow the w-iteration
we have constructed so far while sealing maximal antichains.

We begin by arguing that whether a poset P, is a finite iteration of k-perfect
posets is absolute for k-suitable models.

Proposition 11.1. Suppose that P, = Qo Q1 % --- % Q,_1 is an n-length forcing
iteration and M is a k-suitable model with P,, € M. Then P, is a finite iteration
of k-perfect posets if and only if M satisfies that P, is a finite iteration of k-perfect
posets.

Proof. Suppose that P, is a finite iteration of k-perfect posets. Clearly, Qg is a k-
perfect poset in M. So let’s assume that P; for some 1 < i < n is a finite iteration
of k-perfect posets in M. Let’s suppose towards a contradiction that P;; is not a
finite iteration of k-perfect posets in M. Then it must be the case that, in M, some
condition p € P; forces that Q; is not a x-perfect poset. Let H C IP; be V-generic
with p € H. Then Q; = (Ql)H is a k-perfect poset in V, but then Q; is a also a
k-perfect poset in M[H], which contradicts our assumption that p forced this not
to be the case. Thus, P, is a finite iteration of x-perfect posets in M.

In the other direction, suppose that, in M, P, is a finite iteration of k-perfect
posets. By the closure of M, Qq is a k-perfect poset in V. So let’s assume that P;
for some 1 < i < n is a finite iteration of x-perfect posets in V. Let H C P; be
V-generic. Then Q; = (Q;)y is a k-perfect poset in M[H]. Since P; is <x-closed,
we have M <" C M in V[H], and hence, since H € V[H|, M[H|<"* C M[H] in V[H]
by Proposition 4.3. It follows that Q; is a x-perfect poset in V[H]|. Thus, P, is a
finite iteration of k-perfect posets in V. O

Now we are ready to construct the w-iteration PX(®). Let By = (P%O) | n <w) be

the w-iteration of x-perfect posets where (@60) = P.in and each (@1(10) = P,,in.- Note
that the poset pV ¢l

min

of a forcing extension by a <k-closed forcing is the same as
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the poset PV of the ground model. Suppose that the w-iteration

P, = (P | n < w)
of k-perfect posets has been defined with
P’gba) = Qé"‘) * an) Qn 1

We let P, = P,.q, unless the following happens. Suppose that a € Cof (k) and
D, codes a well-founded binary relation £ C « X « such that the collapse of F
is a k-suitable model M, with ]3& € M, and a = w{%. In this case, we take the
L-least M,-generic filter G, C Q(ﬁa, k<%) and let 13@+1 = 13; as constructed in
M,[Gy]. Suppose that A is a limit stage and we need to obtain the w-iteration
Py. We let ( (()A))’ be the union of the Qég) for £ < A. If X has cofinality x, we let

N (QEA))’, and otherwise, we let Q((JA) be the the closure of ( g)‘))’ under the
<k- intersection property and the weak union property. Suppose that we have now
defined P, We let ( ()‘)) be a P{Y-name for the poset that is the union of the
fo) for £ < A. If X\ has cofinality x, we let Qﬁﬁ) = ( g 53‘))’, and otherwise, we let
- 9) be the Pg? )_name for the closure of (Qﬁﬁ))' under the <k-intersection property
and the weak union property. In order for this limit definition to make sense, we

min

need to verify that each ng) isa IP’%)‘)—narne for a k-perfect poset. This will follow
from the following more general lemma. First, however, we need the following
standard proposition about maximal antichains in a two-step forcing iteration.

Proposition 11.2. Suppose that P Qisa two-step iteration. Then the following
are equivalent for A C P« Q.
(1) A is a mazimal antichain of P Q.
(2) For every V-generic filter G C P, the set A= {ic | (p,q) € A and p € G}
s a mazimal antichain of Qg.

Proof. Suppose first that (1) holds and let G C P be V-generic. First, let’s argue
that A is an antichain. Fix ¢,r € A. Fix p1,ps € G and names ¢, such that
(p1,4), (p2,7) € A and ¢ = g, r = rg. Suppose towards a contradiction that ¢
and r are compatible. Then there is p € G, with p < p1, po, forcing that ¢ € Q and
¢ < ¢,r. But then (p,¢) < (p1,4q), (p2,7), which contradicts that A is an antichain.
Thus, A is an antichain. Next, fix any condition r € QG and let 7¢ = r. Let
p € G be a condition such that p IF 7 € Q. Fix any condition p < p, and note
that (p,7) € P* Q. Since A is maximal, (p,7) is compatible with some (a,b) € A.
Thus, there is a condition (d,¢) € P * Q such that (d,¢) < (7,7), (a,b). It follows
that conditions d for which there is a name ¢ and a condition (a, b) € A such that
(d,¢) < (a, b), (p,7) are dense below p. Thus, some such condition d € G. But
then the associated a belongs to G as well, which means that bg € A. Finally,
dIFé <, b. Thus, ég < bg,r.

Next, suppose that (2) holds. First, let’s argue that A is an antichain. Let
(a, i)), (c, d) € A, and suppose towards a contradiction that there is a condition
(p,q) < (a,b), (c, d). Let G C P be a V-generic filter with p € G. Then a,c € G,
and hence b = bg and d = dg are in A. Also, we have p IF ¢ < b, d, which means
that g < b,d, but this is impossible by our assumption that A is an antichain.
Thus, A must be an antichain. It remains to argue that A is maximal. Fix a
condition (p,q) € P Q and fix a V-generic filter G C P with p € G. Let ¢ = §a.
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Since A is maximal in Q¢, there must be some b € A such that ¢ is compatible
with b. Let (a,b) € A such that a € G and bg = b. There has to be a name ¢ and
r € G, below p and a, forcing that ¢ < ¢,b. But then (r,¢) < (p,q), (a, b), verifying
that these conditions are compatible. ([

Given a non-trivial successor stage £ + 1 in the construction of the w-iteration
]33("””), we will denote by &* 4+ 1 the next immediate non-trivial successor stage.
Because we are trying to construct the w-iterations inside x-suitable models, we
are going to need to argue inductively that the iterations P for 1 <n < w and
n < kT can fit into such models, meaning that as sets they have transitive closure

of size at most x.

Lemma 11.3. For every £ <n <kt and1 <n <w,

1) ng) s a P%n)-name for a k-perfect poset.
0 forces that Q¥ com.
]pglf) C ]P)Sln).

(

2)

3)

(4) The transitive closure of P\ has size k.
()

(6)

(&)

Every mazimal antichain A € M¢ of Py, (")

remains mazimal in Py,
Every L-generic filter H for ]P’g:') restricts to an M¢-generic ﬁlter H¢ for
P

Proof. The sequence of posets Q(()n) forn < kT is constructed by using, at non-trivial
successor stages £ + 1, the models M¢[G¢|, where G¢ is the Me-generic filter for

Q(QE)&))Q‘ obtained from the first level of G¢ (as explained in Section 10), precisely
as in the definition of the poset J(x). Thus, all the properties derived in Section 6
hold for this sequence. Clearly, we have properties (3) and (4). Property (5) holds
by Proposition 4.8, and the proof of Proposition 4.12 shows that property ( ) holds.
Next, let’s consider the posets IP’(") for n < kT. By construction, (@1 = Pmm
Given a non-trivial successor stage £ = £+1, the ]P’(g) -name Q(g) is constructed in the
model Mg[Ge| so that whenever K is Mg[Ggl-generic for Pg ), then Q(g) (Q(g))

is a k-perfect poset in Mg[Kg][Gg], where K is the restriction of K to Pﬁﬁ) and

Gg is the Mg[Kg]-generic filter for Q(Q 5))<"“ obtained from Gg (as explained in

Section 10). Let’s suppose inductively that properties (1)-(6) hold for ng) for all

pairs £ < p < nin L. We need to verify that they continue to hold for all pairs £ < 7.
First, let’s suppose that 7 = 77+ 1 is a non-trivial successor stage. We immediately
get (1)-(6) for £ = 77 by the results in Section 10. Next, fix a non-trivial successor
stage € = £ + 1 < 7. Fix an L-generic filter K C P:(Ln). Let Qgﬁ) = (Qgﬁ))x and
let Qgg) = ( g gg))K‘ By what we already showed, Kg, the restriction of K to P§§)7
is Mg-generic, and Kg., the restriction of K to P(f*) = ng)

particular, Kg. is Mg[Ggl-generic for ]P’gg).

, 18 Mg.-generic. In
By what we wrote above, it follows that
Qgg) is a r-perfect poset in Mg[K¢][Ge], and hence by closure considerations also in
L[K]. This proves (1). By the inductive assumption Pgﬁ) forces that ng) C Q@,
and, by what we already showed, K3, the restriction of K to ]P’gﬁ)7 is Myz-generic.
Since the inductive assumption can apply equally well to the model My, we get

that Qg{) C Q@ in M5[K5] C L[K]. This proves (2), and (3) follows easily. Next,
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we fix a maximal antichain A € M of P

to My, A remains maximal in Pgﬁ), but then by what we already showed above A

. By our inductive assumption applied

remains maximal in IP’g"). Finally, suppose that H C IP’g") is L-generic. By above,

H restricts to a Pgﬁ)—generic filter for My, and so to obtain the statement for &, we
just use the inductive assumption applied to M.

Next, suppose that n < s* is a limit. Let K C Pgn) be L-generic and, for
£ < n, let K¢ be the restriction of K to IP’(f), which we showed above is M¢-generic.
By considering a large enough M, together with K, and applying our inductive
assumptions inside M,, we get that the sequence Qgg) = (Q@) K for £ < mnis
constructed analogously to the poset J(k) using the models M¢[K¢][G¢]. Thus,

we can conclude that (1)-(3) hold, and an) = (an))K is either the union of the

sequence of the Qgg) or the closure of the sequence under the weak union property

and the <k-intersection property depending on the cofinality of 7. Since each Qgg)
is constructed in a transitive model of size x, it follows that the union of the Mg,

for £ < n, has all the names needed for the union of the Qﬁé). If  has cofinality less
than k, then from these we can explicitly construct the k-many names of elements
yielded by the closure operations at stages of cofinality less than k. Thus, Pén) has
transitive closure of size k, verifying (3). Next, suppose that A € M is a maximal
antichain of IP’;E) for some non-trivial stage £ +1 < 7. We need to argue that A

) = IP%") * an). By Proposition 11.2, it suffices to argue

remains maximal in Pén
that
A={ix | (p,¢) € Aand p € K}

is a maximal antichain of (@g"). Since A is maximal in Pég) = ]P’gg) * QSE), it follows,

by Proposition 11.2, that A € M¢[H¢]|[G¢] is maximal in ng) = (Qgé))K. Since
we already argued above that Qg") is constructed analogously to the poset J(k),

we can apply the results of Section 6 to conclude that A remains maximal in an).
Finally, we argue that, for every non-trivial successor stage £ +1 < 1, every L-
generic filter H for Pé") restricts to an M¢-generic filter for ng). Fix an L-generic
filler H = H’ * h for Pé"). By what we already showed, for every v < n, H'
restricts to an M,-generic filter H, for ng). Also, the sequence of the posets
ng) = (ng)) g for v <7 is constructed in L[H'] analogously to the J(x) sequence
using the models M, [H,][G,]. Since h is clearly M¢[H¢][G¢]-generic, it follows,
by Proposition 4.8, that h restricts to an M¢[H¢]-generic filter for Qgg). Now we

just repeat the argument from the proof of Theorem 10.1 (3) to argue that the

restriction of H to IE”SE) is M¢-generic.

The more general argument for n > 2 proceeds identically by induction. O
+
For n < w, let J(k), = P be the n-length iteration defined as follows. Let

S"‘ﬂ = U£<H+ Qés). Suppose that we have now defined IE”%H). Let Qﬁf” be a

]P’gfﬂ—name for the poset that is the union of the ng) for £ < k™. The proof of
Lemma 11.3 gives that the definition makes sense and gives the following corollary.

Corollary 11.4. For every £ <kt and 1 <n < w,
. +
(1) @55) is a P _name for a k-perfect poset.
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+
(2) PP c B
+

(3) Every mazimal antichain A € Mg of P remains mazimal in P ),

+
(4) Every L-generic filter H for P ) restricts to an Me-generic filter for PO,
Let £+ 1 be a non-trivial successor stage in the construction and n < w. We will

denote by (Tp%f, e ,Tpt‘;}’g) the sequences of generic k-trees arising at that stage.

Proposition 11.5. Suppose that A < kt is a limit ordinal and € +1 < X is a

non-trivial successor stage. If p € IP’(/\) then there is ¢ < p and a unique sequence
(Poy -y pPn—1) such that ¢ < (Tp% ,.. 7;'2 }5)

Proof. The assertion is true for n = 1 by the proof of Proposition 4.8 and the
fact that two different generic x-trees have a bounded intersection. So suppose
that the assertion is true for some n < w, and fix a condition (p, ) € P! le with
pE IP’%)‘). By our inductive assumption, there is a condition p; < p and a unique
sequence (po, ..., pn—1) such that p; < (T2, ..., T~1¢). Consider the condition
(p1,4). Let H be an L-generic filter for P containing p;. In L[H], the poset
(@%}‘) = (Q%)‘))H is constructed analogously to the poset J(x). This means that,
by the proof of Proposition 4.8, the condition ¢ = ¢y < 7)"* = (7;"’5)1{ for some
p < k. Thus, there is a condition ps < p; forcing that ¢ < 7,"". It follows that

(p2,q) < (7;00 - 7'” 1’" 7'"7’7), where p, = p, and ps < p. By the inductive
assumption, the 1n1t1a1 sequence (poy -5 pn—1) is unique and using that any two
generic x-trees have a bounded intersection, we get that p, must be unique as
well. ([l

Lemma 11.6. Suppose that A < k™ is a limit ordinal and £ +1 < X is a non-trivial
successor stage. Then every mazimal antichain A € M¢ of P(Pe, k<*) remains
mazimal in P(Py, k<%).

Proof. Fix a maximal antichain A € M of P(Pe, x<%). Let fx € P(Py,x<) with
fx(s) =(po,ss---,Pn-1,5). Let X,, be the restriction of X to the first n-levels. Let
gx, be defined by gx, (s) = pg, < po,s such that pj , < 7;%’5 for some p§. Using
our standard construction (e.g. as in the proof of Proposition 10.4) to define tree
conditions coherently, we let gx, be defined by

99X, (S) = (pg,svpis) < (p(l),s(lvplys)
such that
. 0,6 A1,
(p(%,sﬂpis) < (7;85’7;;)
for some (p§, p;). By uniqueness given in Proposition 11.5, it must be the case

that pgm = pj. Continuing in this manner, we define a descending sequence of
conditions gx, below fx such that

gx,(8) < (T, T ),

Pt

and for all 0 < i < n, m <len(s), pf = pfrm. Define hx by

hx(s) = (T, T %),

Pt
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and note that by the above coherence property, we have that hx is a valid condition
in P(Pey1,£<%). Let gx be a lower bound of the gx, for n < w. Then gx < fx
and gx < hx. For s € X let

gX(S) = (q0,37 ey (jn—l,s)~
For every s € X, let s = (p§,...,p5_1)-

Next, we are going to use our usual level-by-level construction (e.g. from the
proof of Proposition 10.2) to obtain a condition g% < gx satisfying for every s € X
on level n:

(1) gx(s) = ((q0,8)e5: - - (dn-1,5)e5,_, )
(2) if s,r are nodes on level n + 1 are such that § [ n = 7 [ n, then ¢§ and ¢/,
are incompatible nodes.
For every s € X on level n, let

S

s = {5y st _1).

Let h'y < hx be the condition defined by

By (s) = (T9)sgs - (T2 )0 ),

Po

and note that 'y satisfies the incompatibility requirement from the proof of Lemma 10.3.
Thus, by the proof of that Lemma, there is a coherent collection {75 | s € X} ex-
tending {0 | s € X}, with 64 = (£§,...,t5_4), and a condition condition ax: € A,
with X C X', such that for every s € X,

((7;%’5){5" e (ﬂil’g)ﬁ;_l) <ax/(s).

pn 1
It follows that for every s € X,

((q0,8)z55 - - - (dn—1.5)_,) < axs(s).

It follows that ax- is compatible with fx.
O

Lemma 11.7. Suppose that A\ < kT is a limit ordinal and € +1 < X\ is a non-
trivial successor stage. Then every L-generic filter H C P(Py, k<) restricts to an
Mg¢-generic filter H C P(Pe, k<%).

Proof. By Lemma 11.6, H meets every maximal antichain of P(ﬁg, k<¥) from M.
So it suffices to show that any two conditions in H are compatible in H. For
every node s on level n of k<%, let H; consist of conditions fx(s) for fx € H.
Then H, is an L-generic filter for ]P’gf\) by an argument analogous to the proof of
Proposition 9.7. Now we proceed exactly as in the proof of Proposition 10.4. [

It will be useful for future arguments to assume that conditions in J(k), are
coded by subsets of k.

Theorem 11.8. The tree iteration ]P’(]SJ("), k<%) has the kT -cc. In particular, all
the iterations J(k), have the kT -cc.

Proof. Fix a maximal antichain A of P(PY(®) x<¢). Choose a transitive model
M < L,++ of size kT with A € M. We can decompose M as the union of a
continuous elementary chain of length x* of substructures of size ,

Xo< X1 <= Xeg =< M,
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with A € Xj, such that each successor stage X¢41 is closed under sequences of
length less than x, X?fl C Xey1. It will follow that each X, for a € Cof (k) is closed
under sequences of length less than x, X% C X,,. By properties of {,.+(Cof(k)),
there must be some o € Cof(k) such that o = kT N X,, P%a) = IP’“EL(R) N X, for
all n < w and D, codes X,. Let M, be the transitive collapse of X,. Then
for all n < w, Pg{l) is the image of Pﬂ(n) under the Mostowski collapse and « is
the image of k*. Let A = AN X, be the image of A under the collapse. So at
stage « in the construction of PX%) we chose a forcing extension M,[Gy] of M,
by Q(ﬁa,ﬁ<“) and let 13(X+1 = 13; be constructed in M,[G,). Thus, A remains
maximal in P(ﬁj(”), k<“) by Lemma 11.6, and so it must have been the case that

A = A, verifying that A has size k. O

12. THE KANOVEI-LYUBETSKY THEOREM FOR TREE ITERATIONS OF J(k)

In this section, we extend the “unique generics” property of the poset J(x) and
its bounded support products of length x to finite iterations and tree iterations.
We will show that if G C ]P’(]SJ(“), k<%) is L-generic, then the only finite sequences
(Ao, ..., A,) € L|G] of subsets of k that are L-generic for J(k),, are the sequences
added on the nodes of the tree k<* by G.

Suppose that P = (P, | n < w) is an w-iteration of k-perfect posets and H is
a generic filter for P(P,x<%). Given a node s on level n of k<%, let A, be the
n-length sequence of generic subsets of x added by H on node s and let A, be the
canonical P(P, x<¢)-name for A,.

For the next lemma, suppose that P = (P,, | n < w) is an w-iteration of k-perfect
posets that is an element of a x-suitable model M. We should think of P as one
of the w-iterations ﬁa arising at stage «, for a non-trivial successor stage a + 1, in
the construction of the w-iteration P'(*) and we should think of M as the model
M, from that stage.

Lemma 12.1. In M, suppose that Aisa ]P’(ﬁ, Kk<¥)-name for an m-length sequence
of subsets of k such that for all nodes s on level m of k<%,

1 lbp 5 ewy As # A.

Then in a forcing extension M[G] by Q(P, k<%, for every node s on level m of
K<Y, the set of conditions forcing the statement

®(s) :=“If A is M[G]-generic for P%,, then (7;%0)7 '7'51(1), ce 7'5"87:1

filter determined by A.”

)) is not in the

is dense in P(P*, k<%).

Proof. Fix a condition f% € P(P*,x<%) and a node d on level m of k<¥. By
strengthening f%, if necessary, we can assume:

(1) fx el
(2) fx satisfies the incompatibility requirement from the proof of Lemma 10.3.

We need to find a condition hy: < f% such that hx: IF ®(d). For a node s on level
n of X, let

Fx(8) = (Tegs -+ (TE s ),

§5=(&,---,& ) and o5 = (85 ..., t5_1)-
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Observe that by closure, X, {§| s € X}, and {0 | s € X} are all in V.
Fix gy € Q(ﬁ, k<¢), and let gy (s) = (ps, Fs). By strengthening gy, if necessary,
we can assume that
(1) 5€Y forevery s € X,
(2) dev,
(3) gy is determined,
(4) for every s € X on level n, for every 0 < i < n, F5(i) > lev(os(7)).

If there is no coherent collection {75 | s € X} extending {os | s € X} such that for
every s € X, 75 lies on gy (3), then we let gy = gy. So suppose that there is such
a coherent collection {7, | s € X}.

Let us assume (this need not be the case, but will turn out to be the case by
density) that for every node s on level n of X,

((7-5{1) s(0)s e+ (tgill)és(n—l))
is a condition in P%. Let f% be defined by
Fi(s) = ((T&)za0)s -+ (frgj)&s(nq)),

which is a valid condition because {7, | s € X} is coherent. Now we are going to
strengthen f% further to a condition f%, so that for every o which lies on (pg, Fa),
there is a node s € X’ such that

Fi(8) = (T o0+ -5 (m,;il))a(mq)),

while maintaining the incompatibility requirement. Enumerate all ¢ which lie on
(pa, Fa) as {o¢ | £ < B} for some § < k. We start with . First, suppose that there
is no s € X such that $(0) = d(0). In this case, we add a new node ry of length
m to our tree X along with the nodes ro [ ¢ for 1 <4 < m such that 74(0) ¢ X.
Suppose next that d(0) = 5(0) for some s € X. Thus, either 0¢(0) = 05(0) or o((0)
is incompatible with o3(0). If 0¢(0) is incompatible with o3(0), we do exactly what
we did in the previous case, adding a new node 7 of length m to our tree X along
with the nodes 7 [ ¢ for 1 < ¢ < m such that r¢(0) ¢ X. Finally, if 0¢(0) = 05(0),
we don’t modify level 1 of X, and move on to consider d(1). Again, first suppose
that there is no ¢ extending 5 with #(1) = 5(1). In this case, we add a node 7
of length m to our tree X along with the nodes r¢ | ¢ for 2 < ¢ < m such that
70(0) = 5(0) and ro [ 2 ¢ X. The rest of the cases are identical as well. Let fy be
the condition where Xy is X together with the node ry and its predecessors that
we added such that

f;(o (TO) = ((TO(O)) [((OZEEEE) (my;il))a(mfl))'

Note that the new condition f% X, still satisfies the incompatibility requirement. Sup-
pose we have constructed conditions f& for £ <n < B. First, we let X’ = U§<77 Xe
and let f”, be the union of the fi, for & < n. Then we extend f% . to [, asin
the first btep Let X' = J;_5 X¢ and let f%, be the union of the fX for £ < B. It
should be clear from the construction that f%, is as desired.

Define a condition fx/ € P(P,k<%) by fx/(s) = ps | 65 for s € X and
fX’(Tf) = Pd | (3 for g < ﬂ .

Next, we are going to strengthen fx: to a condition az in P(P,x<“) such that
for every node s on level m of X, az forces over P(ﬁ, Kk<%) the statement:
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“There is i < m — 1 such that A | i is M-generic for P; and A(i) ¢ [(az(s)()) 4l

Fix a node s on level m of X and consider an forcing extension M[H] by P(P, x<%)
with fx. € H. By assumption, we have

A=Ag # (A)u = A,

So there is ¢ < m — 1 such that A [ ¢ = Ay [ ¢ and A(i) # A,(¢). So we can
strengthen fx/ to a condition ayz, forcing that there is ¢ < m — 1 such that A [ 4
is M-generic and A(i) ¢ [(azy(s)(9)) 41;]- By repeating this for all the <s-many
nodes on level m and taking a lower bound of the conditions, we obtain the required
condition az.
Let gy < gy, with gy (s) = (pl, Fs), be the determined condition constructed as

in the proof of Lemma 10.3 such that:

(1) for every node s € X, pL| a5 < az(s),

(2) for every o which lies on (pg, Fy), if s € X’ on level m is such that

f,/X’(S) = ((77-20))6(0)7 T (m;il))a(n—l))y
then p)) | 0 < az(s).
Since conditions gy are dense in Q(ﬁ, Kk<%), some such condition gy € G. Since
o, lies on ((T9)eg, - ( g’gbj)ti_l) for every s € X, it follows using that gy is
determined, that there must have been a coherent system {7 | s € X} extending
{os| s € X} such that 7, lies on gy (8). If z € S, then

fxi(s) < gy (5) | 05 < az(s)

and if s € X'\ X on level m, then (for some o)
P (9) = (T0)o -+ » (T3 Datmery) < Gy (d) | o < az(s).

Thus, f%. is compatible with az, and we can let az be some condition below both
of them. The condition a; will be as required provided that we can verify that ay
forces the statement ®(d) over P(P*, k<%) because since ay < az, it will force the
statement as well.

Suppose H* C P(P*,x<) is an M[G]-generic filter containing az. Now let’s
suppose towards a contradiction that

b= (7:10(0)’ 7:11(1)’ s 77;17;;i1))
is in the filter determined by A = Ap-. Thus, there is some ¢ which lies on p such
that for for all ¢ < m, A(4) is a branch through (p | o(i)) ;. By construction, we
have that p | 0 < az(s) for some s on level m of k<%. Let H be the restriction
of H* to an M-generic filter for P(P,x<*), and note that az € H. Thus, there is
some i < m — 1 such that A(4) is not a branch through (az(s)(7))a:, which is the
desired contradiction. (]

Theorem 12.2. Suppose H C P(ﬁj("‘), Kk<¥) is L-generic. If an m-length sequence
A € L[H] of subsets of k is L-generic for J(K)m, then A = Ay for some node s on
level m of k<¥.

Proof. Let’s suppose that A is not one of the A for s on level m of k<. Let A be
a nice IP’(PJ("“), k<¢)-name for A such that for all nodes s on level m of k<,

Llrppice pewy A 7 As.
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Choose some transitive M < L,++ of size kT with A € M. We can decompose
M as the union of a continuous elementary chain of substructures of size k

Xo<X1 < =<Xe=<-=<M

with A € X,. By the properties of <,+(Cof(k)), there is some « such that
a=rTNX,, P = pX) X, for all n < w, and D, codes X,. Let M, be
the transitive collapse of X,. Then, for every n < w, Pg}o‘) is the image of ]PJ(K)
under the collapse, and « is the image of k™. The name A is fixed by the collapse
by our assumption that we can always code conditions in IP’(]I_’SJ(”)7 K<“) by subsets
of & and because all antichains of P(PY*), x<¢) have size x. So at stage « in the
construction of PY(®) we chose a forcing extension M,[G] of M, by @(ﬁa,n<“)
and let P, = P* be constructed in M,[G].
By elementarity, M, satisfies that

1 “_]P’(ﬁa,n<“’) A#£ A,
for all s on level m of k<“. Thus, by Lemma 12.1, for every s on level m of k<%,
P(Py+1, <) has a maximal antichain A, consisting of conditions fx forcing the

statement:

®(s) :=“If A is M,[G]-generic for P then (7:(206)“, ceey 's(i;_l’la)) is not in the
filter determined by A.”

It follows by Lemma 11.6 that every antichain A as well as the antichain

A= {(TO8, . Tkey | s e v

S

remain maximal in P(PX(®), x<¢). So, fixing some s € xk™, let’s argue that if
fx € Ag, then fx forces in P(PY") k<) that if A is L- generic for ]P’;ESK)7 then
(7‘00), (1) 7'4(71; S) is not in the filter determined by A.

S

Let H C ]P’(PJ( ), k<%) be an L-generic filter containing fx. Let a* + 1 be the
next non-trivial successor stage after « + 1. Then H restricts to an M,«-generic
filter H,~ for ]P’( s K<) by Lemma 11.7. Since P(,_H = P, , it follows that
H,+ is M--generic for IP’(PQH k<¢). Finally, since M,[G,] C My, it follows
that H,- is M, [G ] -generic for P(P,41,5<%). Let A = Aj and suppose that it
is L- generlc for Po"). Since fx € Ha-, it follows that M, [Go][Ha-] satisfies that
(TO T(1)7 cey 7;'mm_11(§) is not in the filter determined by A by Lemma 12.1. But
then thls is true in L[H] as well.

Since H must meet every As, it holds in L[H] that if A is L-generic for IP’%”),
then it does not meet the maximal antichain A, and so A, in fact, cannot be L-
generic. [l

Corollary 12.3. For every n < w, the iteration J(k), adds a unique generic
sequence of length n of subsets of k.

13. ITERATING PY(®) ALONG THE TREE (k1)<%

We will now argue that the tree iteration P(PX(%), (57)<¥), where we iterate
along the xT-sized tree (k*)<%, shares all the key properties of the tree iteration
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P(ﬁj(”), %<%), namely it has the xk¥-cc and Theorem 12.2, concerning the unique-
ness of generic filters for J(k),, continues to holds.
The following proposition is easy to verify.

Proposition 13.1. Suppose that T is a tree of height w, fy,gz are conditions in
the poset P(PY%) 7)), and Y N Z = X. If fy | X is compatible with gz | X, then
fy is compatible with g.

Theorem 13.2. The poset P(PX(%) (k+)<%) has the T -cc.

Proof. Let’s suppose to the contrary that there is an antichain A in P(ﬁ”‘], (kT)<w)
of size kT. By a A-system argument, there must be some subtree X C (x7)<“ and
a subset A’ C A of size k* such that for any fy and gz in A, Y NZ = X. Given
fy € A, let fx be the restriction of fy to X. By Proposition 13.1, if fy # gz are
in A’, then fx and gx are incompatible conditions. Thus, the collection of all such
fx is an antichain of size T in P(PY(®) (x7)<). But then since X has size less
than r, there must be a corresponding antichain of size k™ in P(ﬁj(“), k<¢), which
is impossible by Theorem 11.8. d

The following proposition is not difficult to verify.

Proposition 13.3. Suppose that 7 is a subtree of (k+)<* and H C P(PY(%) (x+)<w)
is L-generic. Then the restriction Hz of H to ]P(PJ(”), ) is also L-generic.

Suppose that H is L-generic for P(PY®) (x+)<%). Given a node s on level n
of (kT)<¥, let A4 be the n-length sequence of generic subsets of x added by H on

node s and let A, be the canonical P(PY(®) (x%)<)-name for A,.

Theorem 13.4. Suppose H C ]P’(I:ﬂ("””)7 (kT)<¥) is L-generic. If an n-length se-
quence A € L[H] of subsets of & is L-generic for J(k),, then A = A, for some node
s on level n of (KT)<%.

Proof. Suppose that A is an n-length sequence of subsets of x in L[H] that is L-
generic for Pi"). Let A be a nice P(PX%), (k7)<“)-name for A.  Since
P(PY%), (k7)<“) has the xT-cc by Theorem 13.2, it follows that conditions in the
name A use only k-many nodes of (k7)<“. Thus, A is a ]P’(ﬁ““(”), 7 )-name, where
T is a subtree of (kT)<% of size k. We can assume without loss of generality that
7 is isomorphic to £<¥, and so P(PY®) 7) is isomorphic to P(PY(®) x<«). Let
H 7 be the restriction of H to ]P’(]BJ("‘), ), which is L-generic by Proposition 13.3.
Thus, A € L[H ], from which it follows, by Theorem 12.2, that A = A, for some
se . O

14. A SYMMETRIC MODEL OF ZF + AC, + —-DC

We will construct a symmetric submodel of a forcing extension L[G] by
P(PX%), (k7)<“) in which ZF + AC, holds, but the axiom of dependent choices
DC fails. The subsets of V, of this model will yield a model of Kelley-Morse
second-order set theory in which KM + CC holds, but DC fails. Let’s start with
a brief discussion of the method of constructing symmetric submodels of a forcing
extension, which goes all the way back to Cohen’s pioneering work on forcing (see,
for instance, [Jec03]).
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Suppose that P is a forcing notion. Recall that if 7 is an automorphism of P,
then we can apply 7 recursively to conditions in a P-name ¢ to obtain the P-name
m(o). It is not difficult to see, by induction on complexity of formulas, that for
every formula ¢ and condition p € P,

p Ik (o) if and only if 7(p) I+ o(7(0)).

Fix some group G of automorphisms of P. Recall that a filter .# on subgroups of
a group G is normal if whenever g € G and K € .Z, then gKg~! € Z. Let’s fix
a normal filter .# on the subgroups of G. The subgroup of G fixing a particular
P-name o, consisting of automorphisms 7 such that w(c) = o, is called sym(o). If
sym(o) is in #, then we say that o is a symmetric P-name. We recursively define
that a P-name is hereditarily symmetric when it is symmetric and all names inside
it are hereditarily symmetric. Let HS be the collection of all hereditarily symmetric
P-names. Let G C P be V-generic. The symmetric model

N ={o¢ | o0 € HS} C VI[G]

associated to the group of autmorphisms G and the normal filter .# consists of the
interpretations of all hereditarily symmetric P-names. It is a standard result that
N = ZF (see, for instance, [Jec03]).

We work over L, although, following the analysis of Section 6, we can work over
any model V' with an inaccessible cardinal & in which .+ (Cof(x)) holds. Let
P = P(P'® (k7)<¥). Let Aut((xT)<“) be the automorphism group of the tree
(k1)<“. Every automorphism 7 € Aut((x%)<“) induces an automorphism 7* of P
defined by 7*(fx) = oy with fou () = fx(ﬂ'_l(t)). Let

G={r"|meAut((kT)<¥)}
Next, we need to select an appropriate filter on the subgroups of G.

Definition 14.1. A subtree T of the tree (x¥)<% is useful if it

(1) has size &,
(2) has no infinite branches.

Given a useful tree T, let G be the subgroup of G consisting of all automorphisms
7* such that 7 point-wise fixes T. Let .%# be the filter on the subgroups of G
generated by all such subgroups Gy with T" a useful tree. To see that .# is normal,
observe that if T is a useful tree and Gr € K € %, then w " T is useful and
gﬂuT Crn*Kr* 1,

Now, let G C P be L-generic and let

N ={og | 0 € HS} C L|G]

be the symmetric model associated to G and ..

In L[G], consider the tree T, isomorphic to (k1)<“, whose nodes are the generic
sequences of subsets of « for the posets J(k), added by G. Given anode t € (k1)<
let o, be the canonical P-name for the generic, for J(k),, sequence of subsets of
% added on node t by G. Let 7 = {(op(ds,04),1p) | s < tin (k7)<“}, where
op(os,0¢) is the canonical P-name for the ordered pair of (the interpretations of)
os and oy. Clearly, Tg = T (when we view 7 as the ordering of the tree). Fix any
7 € G, and observe that (7)) = {(0p(0n(s)s Tn(r)), Ip) | s < tin (kT)<¥} = T.
Also, any automorphism 7* with 7(s) = s fixes o,. This shows that 7 € HS, and
hence T is in the symmetric model N.
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Suppose that T is any subtree of (x7)<% in L. If fx is a condition in P, we will
denote by fxnr, the restriction of fx to nodes in T, i.e. fxnr has domain X N T
and fxnr(t) = fx(£). We let

Gr={fxeG|XCT},

and recall that, by Proposition 13.3, Gy C ]P’(Iiu(”")7 T) is L-generic. Note that if T'
is useful, then the canonical name for G is fixed by all elements of the subgroup
Gr, and therefore Gr € N. Thus, each L[Gr] C N.

If o is a P-name and G C sym(o) for a useful tree T', we will say that T' witnesses
that o is symmetric.

Proposition 14.2. Suppose that o is a symmetric P-name, as witnessed by a useful
tree T, and fx IF ¢(o,a). Then fxnr Ik (o, a).

Proof. Suppose it is not the case that fxnr IF ¢(o,d). Then there is a condition
gy < fxnr which forces —p(o,a). Let m € Aut((x7)<¥) be an automorphism
which switches those nodes in Y \ T with some nodes outside both 7" and X.
Clearly, 7* € Gr, and so 7*(0) = o. It follows that 7*(gy) IF —p(0,a). But,
by construction, 7*(gy ) is compatible with fx, which is the desired contradiction.
Thus, we have shown that fxnr IF (0, a). O

Proposition 14.3. Suppose that o is a symmetric P-name, as witnessed by a useful
tree T, and A = og is a set of ordinals. Then A € L|Gr].

Proof. Let fx be some condition in G forcing that o is a set of ordinals. Define a
name

o ={(&gvnr) 9y < fx,9v F§ €0}
We will argue that fx IF o = o*. Let H C P be some L-generic filter containing
fx. Suppose £ € og. Then there is gy € H such that gy < fx and gy I+ £ € o,
from which it follows that (£, gynr) € 0* and gynr € H. So we have { € o73;. Next,
suppose that £ € o};. Then there is a condition gy IF { € o such that (¢, gynr) € o*
and gynr € H. But by Proposition 14.2, it follows that gy~ IF £ € o, and so
Eeoy. ([

Lemma 14.4. DC fails in N.

Proof. We will argue that 7 does not have an infinite branch in N, and hence DC
fails. Suppose to the contrary that N has an infinite branch b through 7. Via
coding, we can view b as a subset of k. Fix a symmetric name b for b, as witnessed
by a useful tree T. By Proposition 14.3, we can assume that the name b mentions
only conditions with domains contained in 7. Recall that for a node s € (k1)<%,
Ay is the L-generic sequence of subsets of & for J(#)ien(s) added by G on node s and
Ay is the canonical P-name for A,. Let b be the branch through the tree (kt)<¢
which corresponds to b via the obvious isomorphism. Since T doesn’t have infinite
branches by assumption, b cannot be a branch through 7. Thus, there is some
natural number n such that b | n C T and b(n) = s is outside 7.
Fix a condition
fx IFb(n) = A,,

with fx € G, and assume without loss of generality that s € X. Let

S =1{80y-3Sn—1,Sn)-
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Fix any condition f%, < fx. Let

t= <80,...,5n,1,tn>

be a node in (k1)<“ such that ¢ ¢ (X’UT), which must exist since X’UT has size .
Let m be an automorphism of (x)<“ which maps ((k*)<*)s onto ((k*)<%);, while
fixing everything outside these subtrees. In particular, 7 fixesT. Let Y = X'Ur" X’
and let gy be the condition defined as follows. If r € X', then gy (r) = f%. (r).
Otherwise, r = 7(7) for ¥ € X', and in this case, gy (r) = f% (7). In other words,
conditions on nodes in X’ N ((k7)<¥), are copied over to ((k*)<“);. Thus, such
conditions gy are dense below fx, and so some such gy € G. Let H = 7" G, which
is also L-generic for P. Observe that by = b since the name b only mentioned
conditions with domain in 7', and 7 fixes T. Observe also that fx € H since it is

above 7m*(gy). So it must be the case that b(n) = (As)gy. But this is impossible

because (AS)H = A, and (AS)G = A, and, by genericity, A, # A;. ]

The proof of the next lemma relies mainly on the fact that P has the xT-cc
and uses very little else about what the conditions in P look like. So to make the
notation nicer, we will switch away from the previous convention and call conditions
in P standard names like p and gq.

Lemma 14.5. AC, holds in N.

Proof. Suppose that F € N is a family of size x of non-empty sets. Let F be
a hereditarily symmetric name for F with the useful tree S witnessing that F is
symmetric, and let ¢ € G force that F is a family of size & of non-empty sets. We
would like to build a name C' € HS such that ¢ forces that C is a choice function
for F'. By Proposition 14.2, we can assume that dom(g) C S. We will adopt the
following strategy. First, we will build a mixed name Cy € HS (over an antichain
below ¢) and a useful tree Ty extending S, witnessing that Cp is symmetric, such
that ¢ I- Cy € F(0). Next, we will build a mixed name C; € HS and a useful
tree T7 extending Tp, witnessing that Cy is symmetric, such that q I+ Cy e F(l)
Proceeding in this fashion, we will build names C'g € HS, for £ < k, and an
increasing sequence of useful trees T¢ such that ¢ I- CE eF (€). Provided we can
ensure in the course of the construction that 7' = Ugew T¢ does not have an infinite
branch, we will be able to build from the names C‘g a hereditarily symmetric name
C:’, witnessed by T to be symmetric, that is forced by ¢ to be a choice function for
F.

Let Dy be the dense set below g of conditions p such that for some name ¢, € HS,
pl-ép € F (0). We will thin out Dy to a maximal antichain over which we can mix
the names ¢, to get the desired name Cy € HS. Choose some condition p(()o) € Dy

and a name c'(()o) € HS, witnessed by a useful tree S(()O) to be symmetric, such that

P I el e F(0).

First, observe that by unioning up S and S(SO), we can assume without loss of gener-
ality that S C S(()O). Since dom(q) C S, p(()o) i S((JO) < q. Thus, by Proposition 14.2,
we can assume without loss of generality that dom(p(()o)) c S((]O). Next, we choose
some condition p; € Dy, incompatible to 10(()0)7 and a name ¢; € HS, witnessed by
a useful tree S; to be symmetric, such that p; IF ¢; € F(0). By Proposition 14.2,
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we can assume that dom(p;) C S; US, {97 Note that we cannot restrict the domain
of p1 to just S; because then we might lose that p; is incompatible with p . At

this point, it is not a good idea to union up S(() ) and S1 because if we keep doing
this, we might end up with an infinite branch in the final tree. Instead, we will use
a different name that is witnessed to be symmetric by an isomorphic copy of S;

whose intersection with S(()O) is contained in S. Let m be an automorphism which
moves nodes in (S1 N Séo)) \ S outside of S((,O) so that 7 fixes S and 7" S = S%O),
where S(()O) N SY]) is contained in S. Since 7 fixes S, we have 7* € Gg. So we have

™ (p1) IF (1) € F(0).

Also, 7*(p1) < ¢ since dom(g) C S. Let

py=p1 155 and pi” = 7% (p1) U p}.
Thus, we have:
(1) p§°) € Dy since 7*(p1),p) < q( z;nd pgo) <7*(p1) IF7*(¢1) € F(O)

since dom(pgo)) C Séo) by assumption and
(0)

(2) pg ) is not compatible with p;
so the incompatibility of p; and py’ must have occurred because of nodes
in SOO).
(3) dom(pgo)) C SSO) U S’§O) since dom(p}) C S(g and dom(p;) C S U S(()O),
which implies that dom(n*(py)) € S\ U 837
Let c.go) = 7*(¢1). Thus, we have
P10 e F(0).
Continuing in this manner, we keep building a sequence of incompatible conditions
péo) € Dy such that
p I € F(0),

Sg(o) N Uy <e ST(,O) C S, and dom(péo)) C Uy<e Sy(,o). This process must terminate
after some Byg-many steps, with 3y < k* because the poset P has the x™-cc. Let

Ao ={p{" | € < Bo}

be the resulting maximal antichain contained in Dy. Let Ty = U€ <Bo Séo), and
observe that by the disjointness of the Séo) modulo S, we have that T cannot have
an infinite branch. Since T} clearly has size k, it is useful.

Let’s argue that the tree Tp, because it contains (J,_,, dom(péo))7 witnesses that

the mixed name Cj of the names c'éo) for £ < By over the antichain Ag is symmetric.

Recall that
Co = U {(r,r) | r< péo), rikre c( ) ,T € dom(ééo))}.
£<Bo
Fix an automorphism 7 point-wise fixing Ty. It suffices to argue that whenever
(r,r) € Cy, then (7*(r),7*(r)) € Co. So suppose (1,7) € Cp and fix p(o)
with & < By, witnessing this. Since r < péo), it follows that 7*(r) < é ), since
rikre c'éo), it follows that 7*(r) IF 7*(7) € c'éo); and finally, since c'éo) is symmetric
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and T € dom(c‘éo)), it follows that 7* (1) € dom(c'éo)). Now observe that, since each

c'éo) € HS, we have Cjy € HS.

Next, we let D be the dense set below ¢ of conditions p such that for some
name ¢, € HS, p I+ ¢, € F(1). We repeat the process for Dy, building a maximal
antichain

A=V | € < i),
with 31 < kT, contained in D; and trees Sél), for £ < 1, such that

1 . .
p) IF e e ().

At the same time, we ensure that for any & < (1, Sél) N (U <¢ 57(71) UTy) CS. Let

T, = U£<ﬂ1 Sél), and observe that Ty UT7 is useful. Let CH be a mixed name of the

names ég) over the antichain A7, and observe that C’l € HS as witnessed by T3.

We continue this process for every £ < k and let T = Ug < T, which is clearly

useful and witnesses that the canonical name for the sequence of the C’g, for £ < &,
is symmetric. (Il

15. A MODEL OF KM + CC 1N wHICH DC,, FAILS

Let G C P(P'%), (k1)<¥) be L-generic, and let N be the symmetric submodel
of L[G] constructed in Section 14. Let ¥ = (L., €,V,Y,). We will argue that
¥ = KM + CC + -DC,..

Theorem 15.1. The model ¥ = (L, €, V) E KM + CC and DC,, fails in ¥
for a 11} -assertion.

Proof. Since L C N C L[G], it follows that VN = V,,;L[G]. Since the forcing

P(PY®) | (k1)<¥) is <k-closed, L, = VHE Thus, VN = L, = ZFC. The class re-

placement axiom holds in ¥ since for every A € VKL_E] D VN, and « < k, we have

ANL, € VKL[G] = L. The global well-order axiom holds in ¥ since L;+1 C VH]YH
has a well-ordering of L, . Finally, comprehension holds for all second-order as-
sertions since V| = PN(L,) and N |= ZF. Thus, ¥ = KM. The choice scheme
CC holds in ¥ because V,; = PN(L,) and AC, holds in N. The generic tree
T € VX, witnesses that DC,, fails in . So it remains to show that the tree 7 is
I1}-definable over 7.

By Theorem 13.4, the elements of 7T are precisely the n-length sequences of
subsets of x that are L-generic for J(k),, for some n < w. Since the relation on 7T is
sequence end-extension, it suffices to show that the property of being an n-length
sequence of subsets of  that is L-generic for J(k),, is II} over 7.

By Corollary 11.4 (4), any L-generic n-length sequence of subsets of  for J(k)y,
is also M¢-generic for P, Since P(P'*), (k+)<) has the k*-cc by Theorem 13.2,
the converse holds as well: if an n-length sequence of subsets of x is M¢-generic
for ng) for all non-trivial stages £ + 1, then it is fully L-generic for J(k),. Next,
observe that whether an n-length sequence A of subsets of x is M¢-generic for P&
can be verified in any L,[A] = ZFC™ with a > £. Putting it all together we get
that an n-length sequence A of subsets of k is L-generic for J(k), if and only if
for every L[A] = ZFC™, with a < k™, L,[A] satisfies that A is M¢-generic for
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IP’%E) for every non-trivial stage £ + 1. Thus, an n-length sequence A of subsets of
k is L-generic for J(k), if and only if ¥ satisfies that for every class X, Y, Z,
if X is a well-order and Y codes Lx[A] and Z is a truth predicate for Lx[A] and

Lx[A] = ZFC™ (according to Z), then A is M¢-generic for P for every non-trivial
successor stage £ + 1 in Lx[A]. Since the if...then statement is clearly first-order,
the assertion is I1}. O

16. OPEN QUESTIONS

Our result showing that KM 4+ CC does not prove DC,, assumed the existence
of an inaccessible cardinal. But consistency-wise KM + CC is weaker than an
inaccessible cardinal.

Question 16.1. Can we construct a model of KM+ CC in which DC,, fails starting
with the assumption that there is a model of KM 4+ CC?

Another natural family of questions involve whether we can further separate the
principles DC,, from each other.

Question 16.2. Is it consistent that there is a model of KM + CC + DC,, in which
DC,, fails?

Question 16.3. Is it consistent that there is a model of KM + CC in which DC,,
holds for every regular cardinal «, but DCp,q fails?

We conjecture that both of the above questions will be resolved positively if the
construction in this article can be generalized to trees k<* for cardinals w < A < k.
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