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Universe versus Multiverse

The relativity of the set concept

Grand Statement:
All Mathematics reduces to the properties of a set theoretic universe which it inhabits.

Question: Does it make sense to talk about the set theoretic universe?

A set theoretic universe is a model for the axioms of Set Theory.

Early 20th century mathematicians hoped the Zermelo-Fraenkel Axioms together
with the Axiom of Choice (ZFC) determined all properties of sets.
(1922) Skolem’s “paradox”

I if there is a model of ZFC, then there is a countable model of ZFC
I first demonstration of the relativity of the set concept

(1931) Gödel’s first Incompleteness Theorem
I if ZFC is consistent, then there is a statement ϕ such that neither it nor its negation is

provable from ZFC - ϕ is independent of ZFC
I any computable axiomatization of Set Theory has independent statements

(1934) Skolem uses the Compactness Theorem to construct a model of ZFC
having an ill-founded ω - an ω-nonstandard model of ZFC.
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(1931) Gödel’s first Incompleteness Theorem
I if ZFC is consistent, then there is a statement ϕ such that neither it nor its negation is

provable from ZFC - ϕ is independent of ZFC
I any computable axiomatization of Set Theory has independent statements

(1934) Skolem uses the Compactness Theorem to construct a model of ZFC
having an ill-founded ω - an ω-nonstandard model of ZFC.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 3 / 22



Universe versus Multiverse

The relativity of the set concept

Grand Statement:
All Mathematics reduces to the properties of a set theoretic universe which it inhabits.

Question: Does it make sense to talk about the set theoretic universe?

A set theoretic universe is a model for the axioms of Set Theory.

Early 20th century mathematicians hoped the Zermelo-Fraenkel Axioms together
with the Axiom of Choice (ZFC) determined all properties of sets.

(1922) Skolem’s “paradox”
I if there is a model of ZFC, then there is a countable model of ZFC
I first demonstration of the relativity of the set concept
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Universe versus Multiverse

The shaping of modern Set Theory: independence of CH

In 1877, Cantor asks whether the Continuum Hypothesis (CH) holds:

does 2ℵ0 = ℵ1?

(1938) Gödel shows how to build a constructible sub-universe L inside every
universe V .

I L is an inner model of V - a definable transitive class that satisfies ZFC and contains all
the ordinals

I L is a canonical inner model
I CH holds in L
I Gödel believed large cardinal axioms will decide CH

(1963) Cohen shows how to extend universes using forcing.
I start with a universe V and a partial order P ∈ V
I add an external generic filter G for P
I close V together with G under definability to obtain the generic extension V [G]
I generic filters for different partial orders force V [G] to exhibit different properties
I every universe V has a generic extension V [G] in which ¬CH holds

(1967) Levy-Solovay theorem uses forcing to show that large cardinal axioms
cannot decide CH.

CH is independent of ZFC (even with large cardinal axioms!).
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I Gödel believed large cardinal axioms will decide CH

(1963) Cohen shows how to extend universes using forcing.
I start with a universe V and a partial order P ∈ V
I add an external generic filter G for P
I close V together with G under definability to obtain the generic extension V [G]
I generic filters for different partial orders force V [G] to exhibit different properties
I every universe V has a generic extension V [G] in which ¬CH holds

(1967) Levy-Solovay theorem uses forcing to show that large cardinal axioms
cannot decide CH.

CH is independent of ZFC (even with large cardinal axioms!).

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 4 / 22



Universe versus Multiverse

The last 50 years of Set Theory: Forcing

Set theorists build generic extensions satisfying various properties or their
negations.

I Diamond Principle - guessing principle for subsets of ω1
I existence of Suslin line - dense complete linear order without endpoints satisfying the

countable chain condition but not isomorphic to R
I Martin’s axiom - existence of almost generic filters for partial orders with the countable

chain condition

Set theorists build generic extensions exhibiting nearly any wish list of properties.
Set theorists study relationships between a universe and its generic extensions.

I does a universe satisfying ϕ have a generic extension satisfying ψ?
I how similar to the original universe can we make a generic extension satisfying ϕ?
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Universe versus Multiverse

The last 50 years of Set Theory: The large cardinal hierarchy

Large cardinal axioms assert the existence of large infinite objects.

The larger the large cardinal, the greater its consistency strength.

The large cardinal hierarchy is a yard stick to measure the strength of set theoretic
properties.
Many large cardinal axioms imply the existence of well-founded (iterated)
ultrapowers of the universe.

I a cardinal κ is measurable if there is a non-principal κ-complete ultrafilter on κ
I there is a measurable cardinal if and only if there is a elementary embedding j : V → M

of the universe into an inner model M
I the ultrapower by a κ-complete ultrafilter on κ can be iterated through all the ordinals to

produce Ord-many well-founded ultrapowers
I there is a wealth of inner models to study

Connections with forcing:
I set theorists studied generic extensions of universes with large cardinals
I a universe V may not have definable well-founded ultrapowers, but its generic

extension V [G] will have (iterated) well-founded ultrapowers of V
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Universe versus Multiverse

The last 50 years of Set Theory: Inner model theory

Study of canonical inner models

A canonical inner model
I has fine structure theory
I cannot be changed by forcing
I has as much as possible of the large cardinals of V

Examples:
I a constructible universe L
I L[U] where U is a non-principal κ-complete ultrafilter on κ
I a core model K

Summary: Set theorists are investigating a multitude of possible universes and their
interrelationships.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 7 / 22



Universe versus Multiverse

The last 50 years of Set Theory: Inner model theory

Study of canonical inner models
A canonical inner model

I has fine structure theory
I cannot be changed by forcing
I has as much as possible of the large cardinals of V

Examples:
I a constructible universe L
I L[U] where U is a non-principal κ-complete ultrafilter on κ
I a core model K

Summary: Set theorists are investigating a multitude of possible universes and their
interrelationships.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 7 / 22



Universe versus Multiverse

The last 50 years of Set Theory: Inner model theory

Study of canonical inner models
A canonical inner model

I has fine structure theory
I cannot be changed by forcing
I has as much as possible of the large cardinals of V

Examples:
I a constructible universe L
I L[U] where U is a non-principal κ-complete ultrafilter on κ
I a core model K

Summary: Set theorists are investigating a multitude of possible universes and their
interrelationships.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 7 / 22



Universe versus Multiverse

The last 50 years of Set Theory: Inner model theory

Study of canonical inner models
A canonical inner model

I has fine structure theory
I cannot be changed by forcing
I has as much as possible of the large cardinals of V

Examples:
I a constructible universe L
I L[U] where U is a non-principal κ-complete ultrafilter on κ
I a core model K

Summary: Set theorists are investigating a multitude of possible universes and their
interrelationships.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 7 / 22



Universe versus Multiverse

Universe versus Multiverse: the Universe View

The Universe View asserts that:

There is only one true set theoretic Universe.

The Universe satisfies ZFC and contains most large cardinals.

Main goal of Set Theory: “discover” the properties of the Universe by
strengthening ZFC with powerful but intuitive axioms that decide these properties.
Example: the Proper Forcing Axiom (PFA)

I existence of almost generic filters for proper partial orders
I many interesting set theoretic properties follow
I 2ℵ0 = ℵ2
I if we accept PFA, the Continuum Hypothesis is settled

The multitude of universes studied by set theorists are illusory; they are tools
toward understanding the properties of the one true Universe.

Similarly, we study the nonstandard models of arithmetic but the natural numbers
will always be the model of arithmetic.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 8 / 22
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Universe versus Multiverse

Universe versus Multiverse: the Multiverse view

The Multiverse View asserts that:

All the fascinating universes studied by set theorists exist:
I generic extensions
I canonical inner models
I (iterated) ultrapowers
I non well-founded ultrapowers
I countable models
I ω-nonstandard models

The set concept and the resulting mathematics is relative to a given universe.

Collections of these models inhabit a Multiverse of set theory.
Main goal of Set Theory:

I study all models inhabiting a given Multiverse and the relationships between them
I develop new techniques for expressing and studying properties of different Multiverses

Some arguments against the Universe View:
I starting from any universe, we can force CH or ¬CH without changing much of its

structure
I large cardinals can be destroyed by forcing
I PFA is destroyed by Cohen forcing
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Studying Multiverses

The Multiverse View: from the philosophical to the mathematical

A long term project of Hamkins is to formalize the study of Multiverses in some kind of
second order logic but in the meantime, we internalize the study of Multiverses to ZFC.

Definition (Hamkins)
A Multiverse is a nonempty set or class of models of ZFC.

Hamkins proposed the Multiverse Axioms to capture the key characteristics of the
Multiverse View:

A class or a set of a universe in the Multiverse that it recognizes as a model of
ZFC is itself a member of the Multiverse

I countable models, ω-nonstandard models, inner models, ultrapowers, etc.

A forcing extension of a universe in the Multiverse is itself a member of the
Multiverse
The set concept is relative in the extreme to the given universe

I every universe in the Multiverse is countable from the perspective of a “better” universe
in the Multiverse

I every universe in the Multiverse is an (iterated) ultrapower of a “better” universe in the
Multiverse

I every universe in the Multiverse is ω-nonstandard from the perspective of a “better”
universe in the Multiverse
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Studying Multiverses

The Multiverse Axioms

Suppose M is a Multiverse (set or class of models of ZFC):

Realizability axiom: If M is a universe in M and N is a definable class of M
satisfying ZFC from the perspective of M, then N is in M.
“Models of ZFC from the perspective of a universe in M are members of M”

Forcing Extension axiom: If M is a universe in M and P is a partial order in M,
then there is a forcing extension M[G] by P in M.
“Forcing extensions of a universe in M are members of M”

Countability axiom: Every universe M in M is a countable set in another another
universe N in M.
“Every universe in M is countable from the perspective of a better universe in M”

Wellfoundedness Mirage axiom: Every universe M in M is a set in another
universe N in M, which thinks M is ω-nonstandard.
“Every universe in M is ω-nonstandard from the perspective of a better universe in M”
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Studying Multiverses

The Multiverse Axioms (continued)

Reverse Ultrapower Axiom: For every universe M1 in M and every ultrafilter U1 in
M1, there is M0 in M, with an ultrafilter U0, such that M1 is the internal ultrapower
of M0 by U0, sending U0 to U1.
“Every universe in M is an ultrapower of a better universe in M”

Reverse Embedding Axiom: For every embedding j1 : M1 → M2 between two
universes M1 and M2 in M that is definable in another universe N in M and
thought by N to be elementary, there is M0 in M and a similarly definable
j0 : M0 → M1 in N such that j1 is the iterate of j0, meaning j1 = j0(j0).
“Every elementary embedding between members of M has been iterated”
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Studying Multiverses

Models of the Multiverse Axioms

Question: Is there a natural model of the Multiverse axioms?

Question (Hamkins): If ZFC is consistent, does the collection of all countable
ω-nonstandard models of ZFC satisfy the Multiverse axioms?

Answer: No! All models of a Multiverse satisfying the Multiverse axioms must be
computably saturated.

Main Theorem (G. and Hamkins, 2010)
If ZFC is consistent, then the Multiverse of countable computably saturated models
satisfies all the Multiverse axioms.
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Countable computably saturated models of ZFC

Introduction to computably saturated models

Definition (Barwise and Schlipf, 1976)
A type p(x̄ , ȳ) in a computable language L is computable if the set of its Gödel
codes is a computable set.

A model M of a computable language L is computably saturated if for every tuple
ā ∈ M, every finitely realizable computable type p(x̄ , ā) is already realized in M.

Theorem (?Wilmers, 1975)
Every consistent theory T in a computable language L having infinite models has a
computably saturated model in every infinite cardinality.
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A type p(x̄ , ȳ) in a computable language L is computable if the set of its Gödel
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Countable computably saturated models of ZFC

Countable computably saturated models of ZFC

Observations:

Types will be freely associated with subsets of ω.

Computably saturated models of ZFC are ω-nonstandard.
Proof: The type p(x) = {x > n | n ∈ ω} must be realized.

Not all countable ω-nonstandard models are computably saturated.
Proof:

I start with any countable ω-nonstandard model M of ZFC
I consider the submodel N of M consisting of the union of Vα for definable α
I the type

p(x) = {x is an ordinal} ∪ {∃!y ϕ(y) ∧ y is an ordinal → x > y | ϕ(y) a formula}
is not realized in N

If ZFC is consistent, then there are 2ℵ0 non-isomorphic countable computably
saturated models of ZFC.
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I start with any countable ω-nonstandard model M of ZFC
I consider the submodel N of M consisting of the union of Vα for definable α
I the type

p(x) = {x is an ordinal} ∪ {∃!y ϕ(y) ∧ y is an ordinal → x > y | ϕ(y) a formula}
is not realized in N

If ZFC is consistent, then there are 2ℵ0 non-isomorphic countable computably
saturated models of ZFC.
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Countable computably saturated models of ZFC

The Standard System of a model of ZFC

A set A ⊆ ω is coded in a model M of ZFC if there is a ⊆ ωM in M such that a ∩ ω = A.

A is called the standard part of a.

Definition (H. Friedman, 1973)
The standard system of a model M of ZFC, denoted SSy(M), is the collection of all
subsets of ω coded in M.

Observations:

A standard system is a collection of subsets of ω.

Different models can have different standard systems.

The standard system of any model contains all the computable sets.
Proof: The model will agree on the behavior of any computation that halts in ω.

If M is computably saturated and p(a) is a type of a ∈ M, then p(x) is in SSy(M).
Proof: The type q(y , a) = {pϕ(x)q ∈ y ↔ ϕ(a) | ϕ(x) formula} must be realized.

If M is computably saturated, then Th(M) - the theory of M - is in SSy(M).
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Countable computably saturated models of ZFC

Standard System saturated models of ZFC

Definition (Wilmers, 1975)
A model M of ZFC is SSy(M)-saturated if for every a ∈ M, every finitely realizable type
p(x , a) in SSy(M) is already realized in M.

Theorem (Wilmers, 1975)
A model M of ZFC is computably saturated if and only if it is SSy(M)-saturated.
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Countable computably saturated models of ZFC

Characterization of countable computably saturated models of ZFC

Theorem (Folklore, 1970’s)
Any two countable computably saturated models of ZFC with the same theory and
same standard system are isomorphic.

Proof:
A back and forth construction using standard system saturation together with the fact
that the type of every element is in the standard system.

Victoria Gitman (CUNY) A natural model of the Multiverse axioms MIT Logic Seminar 18 / 22



Countable computably saturated models of ZFC

Multiverse axioms and computable saturation

Key Observation:
Every model of ZFC that is an element of an ω-nonstandard model of ZFC is
computably saturated.
Proof:

N is an ω-nonstandard model of ZFC and M ∈ N is a model of ZFC

p(x , b) is a computable type finitely realizable over M

p(x , b) is in SSy(N) since all computable sets are in SSy(N)

there is p ∈ N such that p ∩ ω = p(x , y)

for every n ∈ ω, there is w ∈ N such that
N |= “For every pϕ(x , y)q ∈ p ∩ n M |= ϕ(w , b)”
“N thinks that p is finitely realizable”

there is a nonstandard a ∈ N and W ∈ N such that
N |= “For every pϕ(x , y)q ∈ p ∩ a M |= ϕ(W , b)” by undefinability of ω in N
“N thinks that p is realizable up to a nonstandard natural number”

W realizes p(x , b) in M since p ∩ a includes all of p(x , y)
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Countable computably saturated models of ZFC

Multiverse axioms and computable saturation (continued)

Well-foundeness Mirage Lemma
Every countable computably saturated model of ZFC contains an isomorphic copy of
itself as an element that it thinks is a countable ω-nonstandard model of a fragment of
ZFC.

Proof:
M is countable computably saturated model of ZFC
Th(M) is in SSy(M) and hence there is t ∈ M such that t ∩ ω = Th(M)

for every n ∈ ω, M |= Con(t ∩ n)
“M thinks that every finite fragment t is consistent”
there is a nonstandard a ∈ M such that M |= Con(t ∩ a)
“M thinks that t is consistent up to a nonstandard natural number”
M has a model K of the theory t ∩ a that it thinks

I is countable
I is ω-nonstandard
I satisfies a fragment of ZFC

by compactness theorem applied inside M
K |= Th(M) since t ∩ a includes all of Th(M)

ωM is an initial segment ωK and hence SSy(K ) = SSy(M)

K ∼= M by the characterization
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Countable computably saturated models of ZFC

A natural model of the Multiverse axioms

Main Theorem
If ZFC is consistent, then the Multiverse M of countable computably saturated models
satisfies all the Multiverse axioms.

Sketch of Proof:
Countability axiom and Well-Foundedness Mirage axiom

I by the Well-foundedness Mirage Lemma (WfML)
Realizability axiom

I N is definable in a universe M in M
I M is countable in a universe K in M by the WfML
I N is in K
I N is computably saturated by the Key Observation and hence N is in M

Forcing extension axiom
I M is in M
I M is countable in a universe N in M
I for every partial order of M, there is a generic filter G in N and hence M[G] is in N
I M[G] is computably saturated by the Key Observation and hence M[G] is in M

Reverse Ultrapower Axiom and Reverse Embedding Axiom
I use the WfML
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Countable computably saturated models of ZFC

Multiverses with uncountable models

Question: Must a Multiverse satisfying the Multiverse axioms consist of countable
models?

Observation:

If M is a model of ZFC+Con(ZFC), then the Multiverse of all countable computably
saturated models of ZFC from the perspective of M satisfies the Multiverse
axioms.

If ZFC+Con(ZFC) is consistent, then there is a model M of ZFC+Con(ZFC) with
|ωM | = κ for any infinite cardinal κ.

Theorem (G. and Hamkins)
If there are saturated models of ZFC of cardinality κ, then the Multiverse of these
satisfies the Multiverse axioms.
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